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1. Introduction 

1.1. The subject of this paper is the problem of optimal stopping for discrete 
multiparameter stochastic processes; in particular, for a family of Markov pro
cesses. 

In 1953, Snell [12J discovered the relation between optimal stopping of a 
random sequence and supermartingales. In 1963, Dynkin [3] described the op
timal stopping rule for a Markov process in terms of excessive functions. In 
1966, Haggstrom [7J, motivated by problems of sequential experimental de
sign, extended Snell's results to processes indexed by a tree. All these results 
are particular cases of the general theory of optimal stopping for a family of 
random variables indexed by a partially ordered set. This general setting was 
considered by Krengel and Sucheston [8] who proved a number of general 
theorems and applied them to the case of functionals of a family of indepen
dent identically distributed random variables. 

We start by discussing, in the spirit of Snell's theory, the general optimal 
stopping problem over a partially ordered set. The proofs of the main theorems 
are similar to Haggstrom's proofs but for completeness we outline them briefly 
in Sect. 6. Our emphasis is on the nature of stopping points taking values in 
partially ordered sets. Not all stopping points are appropriate but only a cer
tain subclass which we call predictable. An important result is that the super
martingale sampling theorem holds for predictable stopping points. 1 

The general theory is applied to a family of Markov chains and we get 
results analogous to Dynkin's results. An example for two independent random 
walks is considered in Sect. 3. 

Finally, we discuss the relation between optimal stopping with time con
straints and Walsh's theory of multiharmonic functions (Sect. 4). 

1.2. Let Zt be a sequence of random variables adapted to a filtration $',. The 
classical optimal stopping problem is to find a stopping time T* which is op-

Walsh [15] has extended this to the continuous two parameter case 
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timal in the sense that 

(1.1) 

Here the supremum is taken over all stopping times r (we use the convention 
that Zr=O on {r=oo}). 

This problem was first solved by Snell [12J using the minimal nonnegative 
supermartingale X t majorizing Zt. We call this supermartingale Snell's en
velope. Thinking of Zt as the reward obtained by stopping at time t, we can 
interpret X t as the highest reward possible if one stops after time t. The se
quence X t satisfies the following stochastic dynamic programming equation 

(1.2) 

The two terms in the max represent two options available at time t: stop and 
receive Zt or move to t + 1 and proceed optimally from there. 

Let r* be the first time that Xt=Zt. From (1.2) it is clear that X t is a 
martingale up to time r*. If r* is finite with probability one then 

(1.3) 

which shows that it is optimal. 

1.3. Let S be a partially ordered set having a minimal element O. In this case 
Snell's envelope satisfies 

(1.4) 

and, in some sense, it still represents the optimal reward for stopping beyond s. 
We need to make this precise. If we define a stopping point v as a random 
point in S which satisfies {v ~ s} Eff, for all s in S, then Xs is not optimal 
relative to all stopping points, as the following example shows. 

Example. Let S consist of three elements 0, l, r. The element 0 is smaller than r 
and l. The elements rand 1 are not ordered with respect to each other. Let Zo 
=0, ZI be either 0 or 2 with probability ~ and Z,=2-ZI. The random point v, 
which equals 1 if ZI=2 and r if Z,=2 is a stopping point and satisfies EZv=2. 
Snell's envelope for this example is Xo=l and Xs=Zs for s=l=O. We observe 
that EX 0 < EZv so we cannot expect the last equality in (1.3) to hold unless we 
take the supremum over a restricted family of stopping points. To get hold of 
this family we use (1.4) as a guide. 

The term Zs in (1.4) corresponds to the option of stopping at s. If we do 
not stop we proceed to a point u > s and, of course, we pick the one which 
attains the supremum (to guarantee that the supremum is attained we assume 
that each s in S has a finite number of direct successors). In this way we 
construct a sequence of stopping points in S, 0 = 0"6 ~ O"i ~ ... , with the fol
lowing property: O"i+ 1 is determined by the information available at the point 
O"i. Any increasing sequence with this property is called a strategy. Let r* be 
the first time that X "t = 2,,1'. The random variable r* is a stopping time with 
respect to ~i'. A pair n=(O"I' r) where O"t is a strategy starting from 0 and r is a 
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stopping time with respect to ~t is called a policy. Corresponding to any po
licy n =(0'1' r) is a stopping point a(n) = at' We call stopping points of this form 
predictable. 

For the policy n* =(0':', r*) constructed above, the sequence X at is a mar
tingale up to r*. If r* is finite with probability one we can write the analogue 
of (1.3) as follows 

EZa(n*) = EXa(n*) =EXo =sup EZv (1.5) 

where the last supremum is taken over all predictable stopping points. We can 
now state precisely the problem of optimal stopping over a partially ordered 
set: find a policy n* which is optimal in the sense that 

EZa(n*) = sup EZa(n)' (1.6) 

Here the supremum is taken over all policies n (we use the convention that 
Za(n)=O on {r= oo}). 

1.4. The solution to the stopping problem (1.6) is given in Theorem 1 and 
Theorem 2 (Sect. 2). The key to the proofs is the following. 

Lemma. Let X s, SES, be a supermartingale over a partially ordered set S. Then 
X at , t ~ 0, is a supermartingale for any strategy at· Hence, if Xs is nonnegative 
and v is a predictable stopping point, 

(1.7) 

The first statement is easily proved using the properties of a strategy. The 
second follows from the first and Doob's optional sampling theorem. 

The example in Sect. 1.2 shows that there are stopping points for which 
(1.7) fails (in this connection it appeared in [9J). It is an open problem as to 
whether predictable stopping points are the only ones for which (1.7) holds for 
all nonnegative supermartingales. 

1.5. Let 1';, t~O, be a Markov chain and let f(y) be a function on its state 
space. The classical optimal stopping problem for Zt= f(1';) has a particularly 
nice answer. Define the value function v by 

v(y)=supEyf(YJ , 

Dynkin [3J proved that v is the minimal excessive majorant of f and if an 
optimal stopping time exists, it is the first hitting time of {y: v(y) = f(y)}. Snell's 
envelope in this case is X t=v(1';). 

Now let y,}, ... , Y,~ be k independent Markov chains. Consider the problem 
of stopping these processes (possibly at different times) so as to maximize a 
payoff function f(y\ ... , yk) defined on the product of the state spaces. This 
may arise, for example, if we wish to control two random walks with absorbing 
barriers so as to maximize their probability of meeting before either is ab
sorbed (Sect. 3.2). 

We extend Dynkin's results to Zs=f(y,L ... , Y,~) (the index set is the non
negative k-dimensional lattice s = (s\ ... , Sk)). Indeed let 
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We prove (Theorem 3) that v is the smallest "multiexcessive" majorant of f 
This implies that Snell's envelope is xs=v(¥.L ... , ¥.t). In terms of v we can 
give a simple description of the optimal policy: again we stop at the first hit
ting time of {y: v(y)= f(y)} and off this set we use further properties of v to 
specify which process to let go while freezing the others. 

1.6. Walsh [13J investigated the lower envelope v of all functions which are 
multiexcessive in a domain Rand majorize some function f on the boundary of 
R. He looked for conditions under which v would be multiharmonic and found 
that this was true only under very special conditions. In Sect. 4 we show that v 
always satisfies If'v = 0 where If' is a certain nonlinear operator. To show this 
we introduce the notion of a constraint set and solve a more general stopping 
problem with time constraints. The definition of a constraint set is similar to 
the definition of multivalued stopping times in [lOJ, stopping domains in [14J 
and optional times for random fields in [6]. 

1.7. In Sect. 1.2 we have constructed a stopping point v* which is not predict
able. We ask: under what conditions are all stopping points predictable? Kren
gel and Sucheston [8J have given necessary and sufficient conditions, howev
er, when S is the k-dimensional lattice we can give simple conditions. For k = 1 
all stopping points are predictable. For k = 2 condition (F 4) of Cairoli and 
Walsh [1J is sufficient (Theorem 4 of Sect. 5). This includes the case of two 
Markov chains and the case of independent identically distributed random 
variables studied in [8]. Fork ~ 3, in the case of Markov chains, there exist 
stopping points which are not predictable (Sect. 5.2) but this is not so for the 
i.i.d. case [8J. 

1.8. The authors are grateful to Professor E.B. Dynkin, both for stimulating 
this study and for extensive comments that were used in writing this paper. 

2. Snell's Problem 

2.1. Let S be a countable partially ordered set. Let [r, sJ denote the set of all u 
in S such that r;£ u;£ s. A direct successor of r in S is a point s in S such that 
r < s and there exist no points between sand r; i.e., [r, s J consists of only two 
points rand s. Denote by U (s) the set of all direct successors of s. 

We assume that our parameter set is locally finite (i.e., [r, s] is finite for all 
r ;£s) and that there exists a unique element 0 in S such that O;£s for all s in S. 
We also assume that each s in S has only a finite number of direct successors. 

Let ff, be a family of a-algebras with index set S such that ff.cff, for r;£s. 
One can verify that a random variable v is a stopping point if and only if {v 
=S}Eff, for all s in S. 

A strategy is an increasing predictable sequence of stopping points; that is, 
a sequence 0'1' t = 0, 1, ... , with the following properties: 

(2.1) 

(2.2) 
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(The abbreviation ¥Eff means that a function ¥ is measurable with respect to 
the O"-algebra g;:) 

A strategy is continuous if O"t+ 1 is a direct successor of O"t for all t. To avoid 
many subscripts put 

A policy n is a pair (0"1' r) where O"t is a strategy and r is a stopping time with 
respect to '§t. A policy n = (0"1' r) is continuous if the strategy O"t is continuous. 

Denote by II the class of all policies n=(O"pr) for which 0"0=0. To every 
nE II there corresponds the predictable stopping point iX(n) = 0" r and there is a 
continuous policy n'EII such that iX(n')=iX(n). 

2.2. Suppose {Zs' SES} is a family of random variables adapted to :F, such that 
E supZ: < 00 (We denote by a+ the positive part of a, i.e. a+ =a v 0.). Our aim 
is to find a policy n* which is optimal in the sense that 

(Za(1t) =0 ifr=oo). 

EZa(1t*) = sup EZa(1t) 
II 

The standard definition of a supermartingale is applicable to a family of 
random variables indexed by a partially ordered set: a nonnegative family Xs 
is an ff-supermartingale if XsE:F, and X;~E'?"sXu for all s;£u. This last con
dition is equivalent to X;~E'?"sXu for all u in U(s). 

2.3. The solution of Snell's problem is given by Theorem 1 and Theorem 2. 

Theorem 1. Snell's envelope for Zs exists and satisfies 

Xs=max {Zs; E'?"s XU, UE U(s)}, 

EXo=supEZa(1t)' 
II 

(2.3) 

(2.4) 

Equation 2.3 is a form of Bellman's dynamic programming equation. It im
plies the existence of a policy n=(O"I' r) with the properties: 

n is a continuous policy, 

r=inf {t: X at =Zat}, 

E'§'X =X on {t<r}. 
(1t+ 1 (J't 

We call policies with this properties admissible. 

(2.5) 

(2.6) 

(2.7) 

Theorem 2. If n* is admissible and r* < 00 a.s., then n* is optimal. If there exists 
some optimal policy then there exists an admissible one which is optimal. 

The proofs of Theorem 1 and Theorem 2 are outlined in Sect. 6. 

3. Optimal Stopping of Several Markov Chains 

3.1. We now apply the results of the previous section to the optimal stopping 
of several independent Markov chains, (Y/, .1/'/, Ej, pj), j = 1, ... , k. The process 
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yj takes values in the state space Ej, moves according to transition operator pj 
and is adapted to the O"-algebras g;/ If yj starts at yjEEj and stops after sj 
steps, then the expected payoff is 

Eyf(Y,)=E~l ... E~J(y,L ... , y,1)=(p1)Sl ... (pk(f(y). 

Here f is a bounded measurable function on the product space E = E1 X ... X Ek 
and pj acts on f as a function of yj with the rest of the coordinates fixed. The 
index set for this model is the k-dimensional nonnegative lattice. 

Put vo=f+ and let Vt+1=max{vpp1vp ... ,pkVt}. The sequence vt is in
creasing so the limit v = lim vt exists pointwise. By induction we prove that vt+ 1 

t 

= max {f + , p1 vI' "', pk Vt} and therefore 

v=max {f+, p1 v, ... , pk v}. 

Adapting the proof of Neveu [11] (§IV -2) it is easy to show that v(Y,) IS 

Snell's envelope for the family Zs= f(Y,), with respect to every measure E y. 
An admissible policy n can be described in terms of a partition of E into 

sets rand r j, j = 1, ... , k: when Y is in r j, yj takes one step, and Y stops the 
first time it hits r. That is 0"1+1 =O"t+Uj if Y"tErj and !=inf{t: ~tEr}. Here uj 
is the unit vector with 1 in the j-th coordinate and 0 elsewhere. The sets r, r j 

must satisfy rjc{v=pjv}u{v=O} and rc{v=f}. By Theorem 2 this policy is 
optimal if ! < 00 a.s. 

3.2. If we apply (2.4) to the measure Ey , we get 

(3.1) 

For k = 1, Dynkin [3] characterized the value function as the minimal ex
cessive function majorizing f For any k we call a nonnegative function g mul
tiexcessive if g ~ pj g, j = 1, ... ,k. Then we have 

Theorem 3. The value function v is the smallest multiexcessive majorant of the 
payoff function f 

A similar theorem has been proved by Dubins and Savage [2] (§2.12). 

Example. Let Y,~ and Y,; be two independent symmetric random walks on 
{O, 1, ... , a} with absorbing endpoints. Let the payoff function be 1 on A 
={(y,y):O<y<a} and 0 elsewhere. The optimal strategy is: let y1 go on 
{(y, 1): 1 <y<a}u{(y, a-I): O<y<a-l}, let y2 go on {(I, y): 1 <y<a}u{(a 
-1,y):O<y<a-l}; on the remaining states let either go; the first time we 
reach A we stop. In particular an optimal strategy is to freeze the process that 
is closer to the boundary. The value function is: 

/_y2 
1---- O<y2;£y1 <a 

a-I' 

y2_y1 
v(y\ y2)= 1---- O<y1 ;£y2 <a 

a-I' 

o elsewhere. 
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3.3. The convex combination 

k 

Pf(y)= I Aj(y)pjf(y) (3.2) 
j~ 1 

(J'iY)~O and Al (y)+ .,. +)'k(Y) = 1) defines a new transition operator on E. A 
function f is multiexcessive if and only if it is excessive for all operators of the 
form (3.2). The admissible policy described in subsection 3.1 corresponds to the 
Markov operator of the form (3.2) with ),iY) = 1 for yE r j

• 

3.4. Since v is the minimal function in the set {g: g~f, g~pj g,j= 1, ... , k}, it is 
possible to use linear programming to compute v if E is finite. For k = 1 this 
was suggested in [3J as well as the method of successive approximation described 
in subsection 3.1. 

A third method can be used when the minimal pj-excessive majorant Qjf 
for every function f is readily obtained. The multiexcessive majorant v is the 
limit of the following increasing sequence: 

vo=f+, Vl=QlVO"'" Vk=Qk Vk _ l , 

Vk + l =QlVk , ... , V2k=QkV2k_l' .... 

4. The Optimization Problem with Time Constraints 

4.1. A "stop constraint" for a random sequence is a time 1] at which we must 
stop if we have not already stopped. A "go constraint" is a time 1] before 
which we are forbidden to stop. Both constraints can be expressed in terms of 
certain subsets of S: we must stop on the one-point set A = {1]} and we cannot 
stop on the set B = {O, 1, ... ,1] -I}. If 1] is a random time, then A and Bare 
random sets. If 1] is a stopping time, then A and B belong to the family of sets 
C with the property 

{SEC}E~ for all s in S. (4.1) 

Property (4.1) makes sense for any partially ordered index set S, and we call 
sets with this property constraint sets. * 

A constraint set A is a stop-set for a policy 1t = (O"p r) if r;£ 1] where 1] 

=inf {t: O"tEA}. A constraint set B is a go-set for n if rx(n)¢:B. 

4.2. Let us consider policies in IJ with a given stop-set A and go-set B (A and 
B are disjoint). The supremum of the expected payoff EZa(n) over all such po
licies is, generally, larger than the supremum over just continuous policies. 
Thus we have two different constraint problems. The second one, with con
tinuous policies, seems more natural and we concentrate on it. If A and Bare 
empty, both suprema coincide with the supremum considered in subsection 2.2 
(see the last paragraph of subsection 2.1). 

Let IJAB denote the set of all continuous policies in IJ for which A is a 
stop-set and B is a go-set. We say that a policy n*EIJAB is optimal for the 
constraint problem if 

EZa(n*) = sup EZa(n)' 
IIAB 
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For convenience we assume that the family Zs is nonnegative. 
Snell's envelope Xs for the constraint problem is the family of random vari

ables which satisfies 

Xs is a supermartingale on S\A; 
i.e. Xs~max{E§sXu' UEU(S)} on {s¢A}, (4.2) 

Xs majorizes Zs on S\B, (4.3) 

Xs=Zs on A, (4.4) 

if ¥; is a family satisfying (4.2) to (4.4) then ¥;~Xs on S. (4.5) 

For the constraint problem the equivalent of Theorem 1 is 

Theorem 1'. Snell's envelope exists and satisfies 

j
max {Zs; E'?s Xu, UEU(S)}, 

Xs= max {E§sXu,UEU(S)}, 

Zs' 

EX 0 = sup EZa(rr)· 
[JAB 

on {s¢AuB}, 

on {sEB}, 

on {sEA}, 

(4.6) 

(4.7) 

Equation (4.6) implies the existence of a policy n in nAB with the properties 
(2.5)-(2.7). We call policies in nAB which have these properties admissible for 
the constraint problem. With this amended definition Theorem 2 holds for the 
constraint problem as well. The proofs of Theorem I' and Theorem 2 for the 
constraint problem are similar to those of Theorem 1 and Theorem 2 for the 
unconstrained problem and are omitted. 

4.3. Consider the case of several Markov chains (Sect. 3). To any subset R of 
the product space E = Ei x ... X Ek there correspondends in a natural way a stop
set A={s: ¥;¢R} and a go-set B={s: ¥;ER}. 

Suppose that yi is a simple random walk on the dj-dimensional lattice (yi 
moves from a state to any of its neighbours with equal probabilities). Then the 
smallest function v which majorizes f and is multiexcessive in R is 

(4.8) 

Formula (4.8), in the case of Brownian motion, is due to Walsh [13]. In our 
case, the function v satisfies 

max {(Pi-I)v, ... ,(pk-I)v}=O on R. 

Indeed, this follows from the dynamic programming equation 

v={;ax {pi v, ... , pkv} on R 
on Re

• 

(4.9) 

The formal analogue of the operator in (4.9) for the Brownian motion is P v 
=max {A xl v, ... , Axkv}, where Ax; is the Laplacian acting on v as a function of 
xj. 
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It would be interesting to investigate a control problem for several Brow
nian motions related to the operator IJ'. This can also be useful for studying the 
equation 

l[fv=O (4.10) 

in a domain R. Equation (4.10) is just the Laplace equation for k = 1. Another 
generalization of the Laplace equation is 

which has been studied in [5] and [16]. Both are satisfied by multiply har
monic functions studied by many authors (see references in [13]). 

5. Predictable Stopping Points 

5.1. Recall from subsection 1.3 that a stopping point v is predictable if v = iX(n) 
for some nEil. 

Theorem 4. If S is the 2-dimensional non-negative lattice and if the (Jlields ~ 
satisfy 

ff,. and ~ are conditionally independent given ff,. A s' 

for all r, s in S, (5.1) 

then all stopping points are predictable. 

Remarks. (5.1) is condition (F 4) of Cairoli and Walsh [1]. The notation r /\ s 
means coordinatewise minimum. 

Proof Let (Jo=O. Suppose we have constructed stopping points (Jo, ... , (Jt with 
the properties 2.1 and 2.2. Let A = {Vi = (J;, v2 > (J;}, B = {Vi> (J{, v2 = (In and C 
={v=(Jt}. Using (5.1) it is easy to see that A and B are conditionally inde
pendent given ~ ='§t' Since AnB=0, we have E~t1AE~t1B=0, which implies 
that there exists ~ partition A, 13 of CC which is '§t-measurable and such that A 
eA and BeE. Let 

on A\C 
on B\C 
on C. 

Finally put r=inf{t: (Jt=v} and n=((Jpr). Then v=iX(n} and we are done. 

5.2. Now we return to the case of k independent Markov chains considered in 
Sect. 3. In this case Q=Qi x ... X Qk' ~=~t x ... x ~~ and Ey=E;l x ... X E~k' 
The hypotheses of Theorem 4 hold for k = 2, hence the supremum in (3.1) is over 
all stopping points: v(y}=supEyf(YJ The situation is different for k~3: there 

v 

do exist stopping points which are not predictable. Indeed, suppose yi i = 1, 2, 3 
are simple random walks on { -1, 0, 1} with -1 and 1 absorbing states. Also 
suppose that YJ = 0 for i = 1, 2, 3. Let Ai be the event that the first step of yi is 
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to the left and put 

v= 

1

(1, 1,0) 
(1,0,1) 
(0,1,1) 
(1,1,1) 

on A~ x A2 X Q3 

on A1 x Q2 X A~ 

on Q1 x A~ X A3 

on the rest. 

The random variable v is a stopping point which is not predictable. To see this 
just note that, since g;;oo = {0, Q}, all g;;oo-measurable stopping points must be con
stants. 

6. Proof of Theorem 1 and Theorem 2 

6.1. We supply only the parts of the proofs which differ from those in the 
classical theory. The reader is referred to Neveu [9] for the missing details. 

Denote by II s the class of all policies n = (O"l' r) for which 0"0 = s. 

6.2. We now prove Theorem 1. We show that Snell's envelope Xs is given by 

x s = esssup E:!F· Z a(1t). 
lIs 

Clearly Xs~Zs and Xs~O. Also Xs~E:!FssupZ:, so Xs is integrable. Since the 
r 

family {E:!Fs Za(1tJ' nEIIs} is directed upwards, there exists a sequence nnEIIs 
such that Xs=1imiE:!FsZa(1tn) and E:!FsZa(",,)~zt. By the monotone conver-

n 

gence theorem, 

E:!Fr Xs=lim E:!F r Za(1t
n

) ~Xr for r ~s. (6.1) 

Here we use the fact that for any n=(O"l'r) in IIs there exists a n'=(O";,r') in 
IIr(r~s) such that a(n)=a(n') (r'=r+1, O"~=r, 0";=O"t_1 for t~l). Since Xs~Zs 
it follows from (6.1) that 

(6.2) 

To get the reversed inequality write, for nEIIs, 

Here Au,UEU(S) is any ~o=~ measurable partition of {a(n)=I=s} such that 
0" 1 ~ U on Au, and nu = (O"~, -rU

) is a policy satisfying on Au 
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E.?s Za(n) =Zs l{a(n)~ s} + L: 1 AuE.?s E.?u Za(nu ) 

UEU(S) 

~max {Zs; E.?s XU, UE U(s)} 

for all nElls' which proves 2.3. 

263 

Since Xs;?:O, we see from (6.2) that Xs is a nonnegative supermartingale 
majorizing ZS' Let Y, be another such supermartingale. By the lemma in 
Sect. 1.4 and Doob's optional sampling theorem, 

hence Y,;?:Xs a.s., which proves the minimality of Xs' 

6.3. We now outline the proof of Theorem 2. 
The sequence Mt=X"~At is a martingale by (2.7), hence EXo EMt. Using 

Fatou's lemma we show that EX 0 = lim EMt ~ EX a(n')' If r* < 00, then EX a(n') 
EZa(n*) by the definition of r*. Clearly EZiX(n.)~supEZ"(1t)=EXo and so n* is 

IIo 

optimal. 
Now let n' be any optimal policy. In view of the concluding remark of 

subsection 2.1 we may assume that n' is continuous. By (1.7) 
EXo;?:EX,,(n,);?:EZa(n') and by the optimality of n', EZa(n,)=supEZ,,(n)=EXo' 

IIo 

Hence 

Xa(n') = Za(1t') a.s., (6.1) 

and so n' satisfies (2.7), which means that X"~'At is a martingale. 
Finally let r*=inf{t: X,,; Z"J By (6.1), r*~r', thus EZa(1t') = EZa(n*)' 

This implies that n*=(a;, r*) is an admissible policy which is optimal. 

Remark. For 8>0, let re=inf {t: X"t~Z"t +8}. The same proof carries over to 
give: r, < 00 implies EZ,,(nB);?:sup EZ,,(,,) -8 where n,=(a;, r e), but in contrast to 

IIo 

the traditional optimal stopping problem, we cannot guarantee that re is finite. 
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