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Airline Equipment Scheduling

Given:
o A set of flight legs (e.g. Newark to Chicago departing 7:45am).

e A set of aircraft.

Problem: which specific aircraft should fly which flight legs?

Model:

e Generate a set of feasible routes (i.e., a collection of legs which taken together can be
flown by one airplane).

e Assign a cost to each route (e.g. 1).

e Pick a minimum cost collection of routes that exactly covers all of the legs.



Let:

N { 1 if route j is selected,
J 0 otherwise

A { 1 if leg 7 is part of route j,
* 0 otherwise

c; = cost of using route j.

An Integer Programming Problem:
n

minimize Z CjT;
j=1

n
subject to Zaijxj: 1 1=1,2,...,m,
j=1

z;e{0,1}  j=12....n

An example of set-partitioning problems.



Airline Crew Scheduling

Similar to equipment scheduling except:

It's possible to put more than one crew on a flight:

e only one crew works
e any others are just being shuttled

Integer Programming Problem:
n

minimize Z Cjx;
=1

n
subject to Zaijsz 1 1=1,2,...,m,
j=1

z;€{0,1}  j=1,2,...,n

An example of set-covering problems,



Column Generation

The problem of producing a set of possible routes is called column generation.
It is important and nontrivial.

Reason: there are lots of routes.

For example, on a weekly schedule a route might consist of 20 legs.

If there are m legs in total, then there are up to m? possible routes.



Traveling Salesman Problem

Most famous example of a hard problem:

Given n cities, determine the order in which to visit them so as to minimize the total
travel distance.


http://www.tsp.gatech.edu/world/

Fixed Costs

A jump at x = 0:

(z) = 0 if x =0
=Y K+ex ifz>0.

where
0<z<uwu.

Equivalent to:
c(x,y) = Ky + cx

together with the following constraints:

r < uy
z > 0
y € {0,1}.



Nonlinear Objective Functions

Nonlinear objective functions are sometimes approximated by piecewise linear func-
tions.

Piecewise linear functions can be treated using techniques similar to the fixed cost
method above.

LP Relaxation

General Integer Programming Problem

maximize c'z
subjectto Ax <b
x>0
x has integer components.



Nonlinear Objective Functions

Nonlinear objective functions are sometimes approximated by piecewise linear func-
tions.

Piecewise linear functions can be treated using techniques similar to the fixed cost
method above.

LP Relaxation

General Integer Programming Problem

maximize c'z
subjectto Ax <b
x>0

1 hels/iteaey/cotmiponetits.



'Hint| |Undo| | Redo| Number format:

Current Dictionary:

maximize { = Ijl + |-| X1+ _ X2
Wy = 32 - 10  x - -2 Xz
Wz = 37 - 5 X1 - 9 X2
W3 = 29 - -2 X1 - 10 X2
X1, X2 = 0 integer, wi, W, Wz = 0
|AddCuts | | Optimal | | Infeasible|  Unbounded |




Example with Upper/Lower Bounds

'Hint  Undo| | Redo  Number format:

Current Dictionary:

maximize { = E + 8 xx + 13
Wi = 32 - 10 x - -2 X2
W2 = 37 - 5 X1 - 9 X2
W3 = 29 - -2 X - 10 X2
Sq = 0 - -1 X1 - 0 X2
t e 0 - 1 X - 0 x
Sz = 0 - 0 X1 - -1 X2
ts = 10 - 0 X1 - 1 X2

Xq, X2 = 0 integer, W, Wz, Wz, Sy, t3, Sz, t2 =2 0

| AddCuts | | Optimal | | Infeasible | Unbounded |

For the Branch and Bound method, we have introduced upper and lower bound constraints:

The number 10 is just taken to be some “very large” number (aka infinity). It will get
changed to smaller values as we go. 10



Optimal Solution to LP Relaxation

Hint  Undo| | Redo  Number format:

Current Dictionary:

maximize { = 2813/5C +  -7/100 w;, + W,

X1 = 181/50 - 9/100 w; - 1/50 W,
X2 = 2110 - 120w - 110 | wa
Ws = 381/25 - 17/25 w, - -24/25 w;
s = 181/50 - 9/100 w; - 1/50 W,
t = 319/50 - -9/100 w, - -1/50  w,
sz = 2110 - 120wy - 110 w,
t = 79/10 - 120 wy - -1/10 W,

X1, X2 = 0 integer, Wi, Wz, W3, Sy, ty, S2, 12 =2 0

|AddCuts | | Optimal | |Infeasible | Unbounded |

Optimal solution is (21, x5) = (181/50,21/10) = (3.62,2.1) with
objective value 2813/50 = 56.26.

Rounding to integers: (4,2) <= infeasible.

Closest feasible: (3,2) <= suboptimal (as we'll see). 11



First Branch of Branch&Bound Problem

Introduce an upper bound of 3 on xy:

'Hint| |Undo | Redo| Number format:

Current Dictionary:

maximize { = Ijl + 1- X1+ [-] X2
Wi = 32 - 10  x - -2 X
Wa = 37 - 5 X1 - 9 X2
W B 29 - -2 o - 10 | X
Sq = 0 - -1 X1 - 0 X2
1 = 3 - 1 X1 - 0 X
Sz = 0 - 0 X1 - -1 X2
1, = 10 | - 0 [ - 1 X2

X1, X2 = 0 integer, W, Wz, W3, Sq, tq, Sz, t2 = O

| Add Cuts| | Optimal | | Infeasible |  Unbounded |

Could solve this problem from scratch, or better yet...
12



Start From Previous Optimal Dictionary

Originally, we had

o= 10— 10 — 181/50 + 9/100w; + 1/50w,

— 319/50 + 9/100w; + 1 /50w,

We change this too...

3 — 181/50 + 9/100w; + 1/50w
= — 31/50 + 9/100w; + 1/50ws

tl = 3—£U1

To summarize: upper bound decreases by 7, then the right-hand side for the upper bound'’s
slack variable decreases by 7. Everything else remains the same...

13



Start From Previous Optimal Dictionary

[Hint| |[Undo| |[Redo| Number format:

Current Dictionary:

maximize ¢ = | 2813/5C +  -77100 wp + w,

X1 = 181/50 - 9/100 w; - 1/50  w»
X2 = 21710 - -1/20 w;, - 110 | w
W3 = 381/26 - 17/25 w, - -24/25 w»
S = 181/60 - 9/100 w;, - 1/50  w,
ty = 319/50 - -9/100 w; - -1/50 w
Sz = 21710 - -1/20 w;, - 110 | w
tz = 79/10 - 120w, - =110 w,

X1, X2 = 0 integer, Wi, Wz, Wa, Sy, ts, S, t2 =2 0

| AddCuts| | Optimal | |Infeasible| | Unbounded |

[Hint| |[Undo| |[Redo| Number format:

Current Dictionary:

maximize ¢ = | 2813/5C +  -77100 wp + w,

X1 = 181/50 - 9/100 w; - 1/50  w»
X2 = 21710 - -1/20 w;, - 110 | w
W3 = 381/26 - 17/25 w; - -24/25 w»
S = 181/50 - 9/100 w; - 1/50  w»
t = - -9/100 w; - -1/50 w
Sz = 21710 - -1/20 w;, - 110 | w
tz = 79/10 - 120wy - -1/10  w;

ti, X2 = O integer, Wi, Wz, Ws, S1, X1, Sz, t2 = 0

[AddCuts| | Optimal | |Infeasible| | Unbounded |

14




First Branch of Branch&Bound—Optimal Solution

Can be solved with just one dual pivot.

Here's the optimal solution...

'Hint  Undo| | Redo| Number format:

Current Dictionary:

maximize ¢ = ‘ 502/9‘ + ‘ -7/9 ‘ 1+ W3
Wa B 62/9 - -100/9 t - 2/9  w,
X2 = 22/9 - -5/9 t; - 179  wy
W3 = 95/9 - 68/9 t, - -10/9 w,
S1 = 3 - 1 - 0 W2
X1 e 3 - 1 - 0 W»
Sz = 22/9 - -5/9 t - 179  ws
t2 = 68/9 - 59 t - -1/9  ws

t1, x2 = 0 integer, wi, Wz, W3, S1, X1, Sz, t2 = 0

| AddCuts | | Optimal | | Infeasible | Unbounded |

x1 is an integer but x5 is not. Gotta keep going. 15



Second Branch

Before working on x5, let's ask what happens if we introduce a lower bound of 4 on x;.

Hint  Undo | Redo  Number format:

Current Dictionary:

maximize { = II| + m X1+ _] X2
Wi e 32 - 10 x - -2 X
Wa = 37 - 5 X - 9 X2
W3 = 29 - -2 X - 10 x
S1 = _| - -1 X1 - 0 X2
14 = 10 - 1 X1 - 0 X2
Sz = 0 - 0 X1 - -1 X2
ts = 10 - 0 X1 - 1 X2

wi, X2 = 0 integer, X, Wa, Ws, Sy, t1, Sz, 12 =2 0

| AddCuts | | Optimal | Infeasible | Unbounded |

Again, we start from the optimal solution to the original LP relaxation and just update one

right-hand side... 16



First Branch of Branch&Bound—Optimal Solution

Hint  Undo| | Redo  Number format:

Current Dictionary:

maximize { = 2813/5C +  -7/100 wi + w;

X1 B 181/50 - 9/100 w; - 1/50  w;
X2 = 2110 - -1/20 wy - 1710 | w,
W3 = 381/25 - 17/25 w, - -24/25 w,
S = - 9/100 w; - 1/50  w,
ty = 319/50 - -9/100 w, - -1/50 | w;
Sz = 21/10 - -1/20 wy, - 1/10 | w;
t2 = 79/10 - 120 w; - -1/10 | w;

wi, X2 = 0 integer, X, Wz, W3, Sy, ty, S2, 12 =2 0

|Add Cuts | | Optimal | | Infeasible | Unbounded |

INFEASIBLE!

17



Going Further Down the First Branch

Let's go back to the scenario where x1 < 3 and add an upper bound constraint of 2 on x;...

'Hint  Undo| | Redo| Number format:

Current Dictionary:

madmize < = [0 | + NNEH] x + [N x

Wi = 32 - 10 x - -2 X
Wa = 37 - 5 X1 - 9 X
W3 = 29 - -2 X - 10  x
S1 = 0 - -1 X1 - 0 X2
t = 3 - 1 X1 - 0 X2
Sz = 0 = 0 X1 - -1 X2
t2 = 2 - 0 X1 - 1 X2

X1, X2 = 0 integer, Wi, Wz, Wz, Sy, t, Sz, t2 =2 0

| AddCuts | | Optimal | Infeasible | Unbounded |

18



Our First All Integer Solution

'Hint  Undo| | Redo| Number format:

Current Dictionary:

maximize { = ‘ 50 ‘ + ‘ -8 ‘ o+ -13 |t
Wi = 6 - -10 t, - 2 ta
W3 = 4 = -5t - -9t
W3 = % - 2t - -10  t2
S e 3 - T 4 - 0t
X1 = 3 - 1 t - 0tz
Sa = 2 - 0 t, - 1 ta
X2 = 2 - o |t - 1 t2

X1, X2 = 0 integer, wi, Wz, W3, Wi, W5, We, W7 = 0

| AddCuts | | Optimal | Infeasible | Unbounded |

It's integers, but is it optimal?
Maybe not. Maybe we were wrong to impose the constraint z, < 2.
Maybe it's better to give x5 a lower bound of 3. Let's see...

19



A Second Branch Below the First Branch

'Hint  Undo| |Redo  Number format:

Current Dictionary:

maximize ¢ = [0 + TGN » + [N x

Wi = 32 - 10 @ x - -2 X
W3 = 37 - 5 X1 - 9 X2
W3z = 29 - -2 X1 - 10 X2
S = 0 - -1 X1 - 0 X2
t4 = 3 l 1 X1 - 0 X2
s = 8 - 0 x - 1%
t, = ‘ 10 ‘ - 0 X1 - 1 X2
X1, X2 = 0 integer, Wi, Wz, Wz, S1, tq, Sz, t2 =2 0
AddCuts | | Optimal | |Infeasible | Unbounded |

20



Another All Integer Solution

'Hint  Undo| | Redo| Number format:

Current Dictionary:

maximize ¢ = ‘ 55 ‘ + ‘ -7/5 ‘ S; + Wz

X1 = 2 - 9/5 s - 175  wz
X2 = 3 - -1 S, - 0 W2
W3 = 3 - 68/5 s, - 2/5 w»
Sq e 2 - 9/5 s - 15  wa
14 = 1 - -9/5 s - -1/5  wa
Wy = 18 - -20 s, - -2 Wy
12 = 7 - 1 S, - 0 W2

X1, X2 = 0 integer, Wi, Wz, Wz, S1, t1, Sz, t2 = 0

| AddCuts | | Optimal | Infeasible | Unbounded |

And, look at the objective function value.
This one's better than the one we had before.
There's no more branching to do. We are done. This is the OPTIMAL SOLUTION!!

21



Gomory Cuts Method

Here's the same problem again:

Hint  Undo  Redo| Number format:

Current Dictionary:

maximize { = III + m X1+ I_] Xz
Wq = 32 - 10 X - -2 X2
W2 = 37 - 5 X - 9 X
W3 £ 29 - -2 X1 - 10 X2
X1, Xz = 0 integer, w;, Wz, wg = 0
| Add Cuts =~ | Optimal | | Infeasible | Unbounded

NOTE: Seed value 6 in Gomory pivot tool.
22



LP Relaxation

Here's the solution to the LP relaxation:

'Hint  Undo  |Redo  Number format:

Current Dictionary:

maximize { = | 2813/50 + = -73/50 w, + Wy

W3 = 381/25 - -24/25 w; - 17/25  w,
X1 = 181/60 - 150 w, - 9/100 w,
X2 = 21/10 - 1710  wy - -1/20 w,

X1, X2 = 0 integer, w;, Wz, Wz = 0

| Add Cuts =~ | Optimal | | Infeasible | Unbounded

Neither x; nor z, are integers!

23



Gomory’s Idea

Let's focus on x. It's a basic variable in the “optimal” dictionary:

181 1 9

1 =n  ENn N |

T, = w wy.
50 50 100

Let's bring the nonbasic variables over to the left-hand side:

N N 9 181
T+ —Wy + —w; = —.
50071000 T 50
Now, if we round down each of the coefficients on the left to the nearest smaller integer,
then the left hand side will be smaller than it was. It will also be an integer whenever the
variables are integer and so it will be smaller than the rounded-down value of the right-hand
side:

1 + Ows + Ow; < 3.

We want to add this as a new constraint. It will have a new slack variable, which will be a
basic variable. Hence, we want to get rid of x; from this constraint. To do that, substitute
the equation above that defines x; in terms of the nonbasic variables:

181 1

9
5—%w2—mw1+0w2+0w1§3

24



'Hint  Undo | Redo| Number format:

Current Dictionary:

maximize T = | 2813/50 +  -73/50 w, + w,
ws = | 38125 - | -24/25 w, - 17/25  w,
x = 181/50 - 150 wa - 9/100 w;
X2 = 2110 - 110 wa - -1/20 | w,
W = [3180 - wa - 9100 w

X1, X2 = 0 integer, w;, Wz, Wz, Wae = 0

| AddCuts | |Optimal | Infeasible | Unbounded |




Now we just do a dual pivot to get to a new “optimal” solution:

'Hint  Undo  |Redo  Number format:

Current Dictionary:

maximize ¢ = | 502,’9‘ + | -13/9 ‘ Wz + W2+1

W3 = 95/9 - -10/9  wz - 68/9 | Wz
X1 = 3 = 0 W2 - 1 Wa41
Xz = 22/9 - 179 wp - -5/9 | Waus

e - 2w - 1009 e

X1, X2 = 0 integer, Wi, Wz, Wa, Wz = 0

Wq

| Add Cuts | Optimal | Infeasible | Unbounded

We still have a non-integer value: x, = 22/9.



Let's make another Gomory cut:

Rounding down...

New constraint.

22
9

1

5! 22

Ty + Wy — “Way1 =

1
9

9

9 9

Ty + 0wy — wayy < 2

9

— — —Wy + —Waq1 + Owy — woyy < 2

| Hint| | Undo

' Redo |

maximize { =
W3 =
X1 =

X2 =

Wq

W32 =

Number format:

Current Dictionary:

. 502/9 + 139w,
95/9 - -10/9 | wa
3 = 0 Wz
22/9 - 19w
629 - 29 ws

X1, X2 = 0 integer,

W

68/9

1

-5/9

iz
iz

Wi, Wz, W3, Wazeq, Wae2 = 0

W24
W24q

Wayq

| Add Cuts |

| Optimal |

 Infeasible

' Unbounded |

27



Again, we do a dual pivot:

'Hint  Undo  |Redo  Number format:

Current Dictionary:

maximize { = | 55 ‘ + | -5/4 ‘ Wz + W3+2

W3 = 3 - -3 Wz - 17 Was2
X1 = 2 = 14w, - 9/4 | Waiz
X2 = 3 - 174 wy - -5/4 | Way2
Wi = 18 - 3w - -25  Wae

14w, - Wae

X1, X2 = 0 integer, Wi, Wz, W3, Wz4q, Wiz = 0

I
N
I

W21

' AddCuts | Optimal | Infeasible | Unbounded

OPTIMAL!



