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Every Problem:

n

maximize E ©35;
Jj=1

subject to Zaijxj < b; 1=1,2,...

j=1
ZCJZO j:1,2,...,n,

Has a Dual:

m
minimize g b;y;
i=1

m
subject to Z Vbl = @
i=1
y; > 0 1=1,2,...,m.

17=12....n




Dual of Dual

Primal Problem:

Original problem is called the primal

o n problem.
maximize chasj
j=1 A problem is defined by its data (no-
n
: : tation used for the variables is arbi-
subject to Zl a;z; <b i=1,...,m trary).
]=
aijO jzl,...,n
Dual in “Standard” Form:
m
—maximize »  —by; Dual is “negative transpose”’ of pri-
=l mal.

subject to Z —@yr s~ g=1L...,0
i=1

Theorem Dual of dual is primal.



Weak Duality Theorem

If (x1, 29, ...,x,) Is feasible for the primal and (y1,Ys, ..., Y.) is feasible for the dual, then
j i

Proof.

IA

§ :Cj%'
j

J

= E YiQij
ij

Z (2@: yiaij) Xj



Gap or No Gap?

An important question:

Is there a gap between the largest primal value and the smallest dual value?

Primal Values Dua Vaues
H_/
Gap
Primal Vaues Dual Vaues
No Gap

Answer is provided by the Strong Duality Theorem (coming later).



Simplex Method and Duality

A Primal Problem:

maximize { = 0+ 2 x o+ e v [ o+ [ 4 [ x
W,y = 4 - 0 X - 1 Xz - 1 X3 - 2 X
Wy = 3 - 0 X - 0 X2 - 2 X3 - 2 Xa
W - 5 |- 6 % - 2 a - 2 |l - 5 X
Its Dual:
Notes:
maximize -§ = o [+ [ 4 ly+ | 3 lyp+ | 5 ly e Dual is negative transpose
. i . o - o - - B of primal.
Z - [ - 1. - 0 meu - 2. e Primal is feasible, dual is
23 = [ - A n - 2 (v - 2 ¥ ;
2 = [ea- [ 2 - 2 - s W not.

Use primal to choose pivot: x4 enters, ws leaves.

Make analogous pivot in dual: z, leaves, y; enters.
Seed = 3, GenRand five times 5


https://vanderbei.princeton.edu/JAVA/pivot/simple.html
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Second Iteration

After First Pivot:

maximize { = 4 |+ -34/5 | %, + 35 %, + | 1305 | x; + -4/5 | ws

Primal (feasible): W= 2 |- -12/5 (% - 15 % - 9/5 X - -2/5 W
w; = 1 - -12/5 %] - -4/5 g - 14/5 [ - -2/5 ||Wa

Xg = 1 |- 6/5 % - 2/5 X - -2|5 [X3 - 15 W

maximize -§ = -4+ -2y o+ 1y o+ 1|z

. . Z, = 34/5 - 12/5 % - 12/5 Y2 - -6/5 Za

Dual (still not feasible): n - a5 | - -5 | - 25 | - 25 |
25 - - -9/5 [w | - 45 Ve - 25 |24

¥a = 4/5 - 215 '\ - 2/5 Y2 - -1/5 24

Note: negative transpose property intact.
Again, use primal to pick pivot: x3 enters, w, leaves.

Make analogous pivot in dual: z3 leaves, 1, enters.
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Third Iteration

After Second Pivot:

maximize { = 69/14  + -32/7 % o+ X2 + 1314 | w, + -3/7  ws

Primal (feasible): wioo= 1914 - -6/7 (% - 57 (%2 - -9/14 [Wy | - 7 s
X3 = 514 - -6/7 % - =27 %z - 5/14 W - -7 W3

Xe = 87 - 67 % - 27 |l - 17 Wl - T

maximize -§ = -69/14 + -19/14  y,  + -5/14 zz; + -8/7 2z

, , z = 327 | - 67 n - 67 1z - -6/7 ||za

Dual (still not feasible): x - (- =7 | - 27 | - 27 |
va - 1314 - 9/14 ¥y - -5/14 |73 - -7 za

oo o= 37 | - 7 |l - 17 |z - -7 |2

Note: negative transpose property intact.
Again, use primal to pick pivot: x5 enters, w; leaves.

Make analogous pivot in dual: z, leaves, 1; enters.
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After Third Iteration

Primal: maximize ¢ = 26/5  + -22/5  x, + Y5 w4 4[5 wp + -2/5  ws

Xz = 19/10 - -6/5 ¥ - 715 W, - -9/10 w; - -1/5 Wi

; X3 = 9/10 - -6/5 ¥ - 2/5 W, - 110 wz; - -1/5 W3

e Is optimal. Xe - 35 | - o5 Il - 25 W - 25 W - 5 W

Dual:

maximize -§ = -26/5 + -19/10 z, + -9/10 z; + -3/5  z,
e Negative trans- 2 = 22/5 - 6/5 |72 - 6/5 |72 - -6/5 |24
pose property Y . s - -7/5 | Za - -2/5 |23 - 2/5 Za
e intact ¥ - a5 | - 9/10 [z2 | - -0 [z - -2/5 |[za
remains intact. " } 25 | - 5 | - vs |2 - 5 |5

e |s optimal.

Conclusion

Simplex method applied to primal problem (two phases, if necessary), solves both
the primal and the dual.
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Algebra of a Pivot

A primal pivot:
bc
d c pivot d— — c/a
b a —b/a | 1/a
The corresponding dual pivot:
b
—d —b —d +EC b/a

pivot
—




Strong Duality Theorem

Conclusion on previous slide is the essence of the strong duality theorem which we now state:

Theorem. [If the primal problem has an optimal solution,

ot = (2], 25,...,2)),

rrn

then the dual also has an optimal solution,

Y= (Y, Yas e Un)s

Z ;T = Z biy; .
j i

and

Paraphrase:

If primal has an optimal solution, then there is no duality gap.
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Four possibilities:

e Primal optimal, dual optimal (no gap). <— Strong Duality Theorem
e Primal unbounded, dual infeasible (no gap). <= Weak Duality Theorem
e Primal infeasible, dual unbounded (no gap). <= Weak Duality Theorem
e Primal infeasible, dual infeasible (infinite gap). See example below

Example of infinite gap:

maximize  2x; — Io
subject to T, — Ty < 1
—T1 + 19 < =2
xy, ra > 0.

11



