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Complementary Slackness

Primal Problem: Dual Problem:
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Theorem. At optimality, we have
xjz; = 0, forj =1,2,...,n,

w;y; = 0, fori=1,2,...,m.



Recall the proof of the Weak Duality Theorem:
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The inequalities come from the fact that

x;z; > 0, forall g,
wyy; > 0, for all q.

By Strong Duality Theorem, the inequalities are equalities at optimality.



Dual Simplex Method



Dual Simplex Method

When: dual feasible, primal infeasible (i.e., pinks on the left, not on top).
An Example. Showing both primal and dual dictionaries:

maximize { = + -1 X, 4+ -3 Xy + -2 Xg + -6 Xa

W, =
Wa = - -1 X, - 3 X, - -1 Xz - 0 X4

0
0
=
W3 = - -2 Xy - -2 X3 - 6 X3 - 1 Xa

I
o
+
o
=
+
o
+
=

maximize -
z - n - 3 n - 1 Y2 - 2 ys
r24 = 3 - 1 n - -3 ¥ - 2 ys
23 - 2 |- -1 m - 1T ¥ - 6 va
Za = 6 - 3 »n - 0 v - 1 ¥

Looking at dual dictionary: y3 enters, 2, leaves.
On the primal dictionary: wjs leaves, x5 enters.

After pivot...

(Seed = 3, generate 3x, with negation)


https://vanderbei.princeton.edu/JAVA/pivot/simple.html
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Dual Simplex Method: Second Pivot

Going in, we have:

maximize { = -6 + -8 Xy 4+ -3/2 w; + -1 Xq + 1512 X4
W, - N - 2 ||El - 12wy - 4 x - 512 Xa
Wy = - -4 Xy - 3/2 Wy - 8 Xa - 3,2 Xa
X2 = 2 - 1 Xy - 12 wa - -3 Xa - 12 Xa

maximize § = 6 + [ 2]y + Va4 2z

Z, - 8 - -2y - 4 1y - 1z

Va = 3/2 - -2y - -3/12  yp - 12  z;

Za - " - -4 Vi - -8 Y2 - 3 Zy

24 = 152 - 52 |y - 32 v - 12 ' z3

Looking at dual: y, enters, z; leaves.

Looking at primal: w, leaves, x; enters.


https://vanderbei.princeton.edu/JAVA/pivot/simple.html
https://vanderbei.princeton.edu/JAVA/pivot/simple.html

Dual Simplex Method Pivot Rule

maximize { = -6 + -8 X, + -3/2 wy + -1 Xs + 1512 X4
W, = 2 ]- 2 ||El - 12wy - 4 x5 - 512 X
W, = - -4 Xy - 3/2  wa - 8 Xa - 3/2  Xa
X2 = 2 - 1 X4 - -1,2 Wy - -3 Xa - -1/2 Xa

Referring to the primal dictionary:

e Pick leaving variable from those rows that are infeasible.

e Pick entering variable from a box with a negative value and which can be increased the
least (on the dual side).

Next primal dictionary shown on next page...


https://vanderbei.princeton.edu/JAVA/pivot/simple.html

Dual Simplex Method: Third Pivot

Going in, we have:

maximize { = -22 + -2
X4 = 2 - -1/4
X2 = 0 - 1/4

W2
W2

W2

-9/2

5/4
-3/8
-1/8

Which variable must leave and which must enter?

See next page...

Wi
Wa

Wi

X3

X3
X3

X3

-21/2

-7/4
-3/8
-8

Xa

&
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Dual Simplex Method: Third Pivot—Answer

Answer is: w; leaves, x, enters.

Resulting dictionary is OPTIMAL:

maximize {

Xa
X4

X2

-58

24(7
237
3/7

W3
W3

W3

-32(7
-26/7
17

X3

X3
X3

Xa

-47 W,
-3/14 Wy
114w,


https://vanderbei.princeton.edu/JAVA/pivot/simple.html

Dual-Based Phase I Method



Dual-Based Phase I Method

Pivot Tool -- Advanced Version @
G = + -1 Xy 4+ -1 Xy + -1 X3
Example: w - [N - o m- | 1 m- [ 2 m
Wa = 6 - 1 Xy - 4 e 0 Xa
Wa = 3 - -2 X, - -1 Xy - 5 X3
X‘I x2 ] x3 ' W1, w2: Wg, Wy = o

Notes:
e Two objective functions: the true objective (on top), and a fake one (below it).

e For Phase |, use the fake objective—it's dual feasible.

Phase |—First Pivot: w; leaves, x5 enters.

Let's go pivoting...
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https://vanderbei.princeton.edu/JAVA/pivot/dp2phase.html

Recall initial dictionary:

Pivot Tool -- Advanced Version HI
maximize { = 0 + II] Xy + Xa + -6 X3
& = + -1 X, + -1 X + -1 Xa
weooo= |2 |- 1 - A x - 2 %
W3 = 6 - 1 Xy - 4 Xz - 0 X3
Wa = 3 - -2 X, - -1 Xy - 5 X3
X1, X2, Xa, Wi, Wy, W3, Wg = 0

Dual pivot: w; leaves, x3 enters.

After
pivot:

Pivot Tool -- Advanced Version ll
maximize { = -6 + 0 X, + X, + -3 W,
& = + -3/2 % o+ -2 %, o+ 12wy
Xa = 1 - 12 % - 102 X - 12wy
Wa = 1 - -1 Xy - 2 X3 - -1 W,
W3 = 6 - 1 Xy - 4 X2 - 0 Wy
Wa - I - 12 x - 72 X - 512w

X1, X2, Xa, Wy, Wy, W3, Wg = 0
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Recall current dictionary:

Pivot Tool -- Advanced Version

maximize { = -6 + 0
G = + -3/2
X3 = 1 - -1/2

Ws = 1 - -1

Wj3 = 6 - 1

x1 ] x2 ] x3 '

Dual pivot: w, leaves, x, enters.

After
pivot:

X, + -1/2
X, - 12
X, - 2
X - 4
X, - -7/2

X2

X2

z

) E5 EEN

Pivot Tool -- Advanced Version

maximize { = -6/7  +
% = +

X3 - 5/7 -

Wa = -1,7 -

Wa - 26,7 N

X2 = 4,7 -

A AR

-1/7

-3/7
-5(7
1/7
=147

X1, X2, X3,

Xy + -1/7
Xy - 17
Xy - 4/7
Xy - 8/7
Xy - -2[7

Wiy, Wz, W3, Wg = 0

-1/7

3/7
20/7
-5/7
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Recall current dictionary:

Pivot Tool -- Advanced Version EI

maximize { = -6/7  + X, 4+ 18/7 | w, + 24[7 | w,
&% = + -7 %X, o+ 17 Wy + -6/7 W,

X3 = 5/7 - -3/7 Xy - 17 Wg - -7 Wy

w, - - 57 X - 477 | ws - 37w

Wa - 26/7 - 17 Xy - 8,7 Wg - 20/7 Wy

X2 - 4,7 . -1,7 X3 . -2,7 Wg - -5/7 Wy

X1, X2, Xa, Wi, Wy, W3, Wg = 0

Dual pivot: w, leaves, x; enters.

After

pivot:

Feasible!

Pivot Tool -- Advanced Version ﬂ

maximize { = 35+ w, + 18/5 | w, + 215 w,
& = + -1/5 wy, o+ =715 wg + -9/5  w,

X3 = 4/5 . -3/5 W, - -1/5 Wg - -2/5 Wy

Xq = 15 - =715 w, - -4/5  ws - -3/5  wy

W = 17/5 - 1M/5 wy - 12/5  wg - 19/5 w,

X2 = 3/5 - -1/5 W, - -2/5 Wg - -4/5 Wy

X1, X2, Xa, Wy, Wz, W3, Wg = 0

13


https://vanderbei.princeton.edu/JAVA/pivot/dp2phase.html
https://vanderbei.princeton.edu/JAVA/pivot/dp2phase.html

Current dictionary is feasible:

|gnore fake objective. Use the real objective. Primal pivot: w; enters, ws leaves.

After
pivot:

Pivot Tool -- Advanced Version

maximize {
%
X3
X4
W3
X2

-3/5

4/5
1/5
17/5
3/5

+ 9/5
-11/5

+

- -3/5
- -7/5
- 1/5
- -1/5

X1, X2, Xa,

W2

W2

W2
W2
W2

W2

+

+

-7/5

-1Y5
-4/5
12/5
-2/5

Wi, Wz, W3, Wy = 0

Wa

Wa

Wy
Wy
Wsg

Wg

+

-9/5

-2/5
-3/5
19/5
-4/5

W
Wi

W

Pivot Tool -- Advanced Version

[+]

maximize
%

X3

X1

Wi

X2

60/19

2219
14/19
17/19
25/19

+ -12/19
+ -22/19

- -7/19
- -20/19
- 11/19
- 5/19

X1, X2, X3,

3

+

-5/19

1119
-8/19
12/19

2/19

Wy, W, W3, Wg =2 0

-21119
9/19

2/19
3/19
5/19
4/19

Wi

Wa
W
Wa

Wa
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Getting close:

Pivot Tool -- Advanced Version EI
maximize { = 60/19 + -12/19 w, + 18/19 | w, + -21/19  ws
&% = + -22/19 w, + -5/19  w, + 9/19  ws
X3 = 2219 - -7119  wy, - 1719 wy - 2/19  ws
Xq = 14/19 - -20119 wp, - -8/19 wy, - 3/19  ws
W, = 1719 - 1119 w, - 1219 wg - 5/19  ws
X2 = 25/19 . 5/19 W, - 2/19 Wg - 4/19 Wi
X1, X2, Xa, Wi, Wy, W3, Wg = 0

Primal pivot: w, enters, w, leaves.

After

pivot:

Optimal!

Pivot Tool -- Advanced Version E]
maximize { = 9/2 + -3/2 w, + -3/2 w, + -3/2  ws
& = + “1112 wy,  + 512 w; + 7112w,
X3 - 13/12 . -5/12 W, - -1/12 w; - 1,12 W3
X4 = 4/3 - -2/3 Wy - 2/3 w; - 1/3 W3
W, = 1712 - 1M1/12  w, - 19/12  wy, - 512 wa
X2 - 7[6 - 1/6 W, - -1/6 w; - 1/6 W3

X1, X2, X3, Wy, Wz, W3, Wy = o
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