BROWNIAN BANDITS

AVI MANDELBAUM AND ROBERT J. VANDERBEI

ABSTRACT. We consider a multi-armed bandit whose arms are driven by Brownian motions:
the state of arm ¢ is modeled as a one-dimensional Brownian motion B?, i = 1,...,d. At
each instant in time, a gambler must decide to pull some subset of these d arms, holding
the others fixed at their current state. If arm 4 is pulled when B? is in state z;, the
gambler accumulates reward at rate r;(z;). The goal is to find a strategy that maximizes
the accumulated discounted reward over an infinite horizon (with discount rate A). Let

E,, [ e Mri(Bl)dt
750 Eml fOT ef)\tdt )

where the supremum is over all stopping times 7 of B?. Put
M; = {z € R : T;(x;) = maxT(z;)}.
J
From prior work, one expects that an optimal control is to pull arm ¢ when the state of
the bandit belongs to M;. Equivalently, the optimal strategy follows the leader among the
processes I';(B*), ¢ = 1,...,d. Such results have been established for bounded monotone
reward functions. In this paper we extend the scope to cover certain unimodal functions.

At the same time, we develop a framework within which general rewards and diffusions can
be studied.
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1. INTRODUCTION.

We formulate the multi-armed bandit problem within the framework of multi-parameter
processes. Let (B, F'), i = 1,...,d, be independent one-dimensional Brownian motions.

The evolution of the multi-armed bandit is described by the multi-parameter process Bs; =

.. ,de), s=(s1,...,5q4) € [0,00)4, which is adapted to the multi-parameter filtration
1 d
{(Fo=F, V- VFg, s>0}.
A switching strategy T is a family of random d-tuples,

T ={T(t) = (T1(t),..., Ty(t)), t > 0},
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satisfying
T(0) = 0,
T'(t) is increasing in ¢ ,
(1.1) Ti(t)+ -+ Tyt)=t, t>0
and
(1.2) {T'(t)<s}eFs, t>0,s>0.

The random variable T;(t) represents the amount of time the ith Brownian motion has been
used up to time ¢. The interpretation of (1.1) is that, at time ¢, the total allocation of time
between the d processes must equal ¢. Condition (1.2) says that the switching strategy must

be non-anticipating: in other words,
d
{Tu(t) < s1,.., Tult) < sa} € FL V-V FL

and in particular, the event that no more than s; units of time have been allocated to arm 14
cannot depend on information about the future of arm ¢ beyond time s;.

Each strategy T yields a switched process Br defined as
BT(t) - BT(t) == (B/]l—vl(t)7 ey B%d(t))

Associated with each Brownian motion is a running reward function r;. The Brownian

bandit problem is to find a strategy 7™ which attains the following supremum:

(1.3) v(x) = E, /000 e Mr(Bp«(t)) - dT*(t),

— supE, / e (Br(t)) - dT(H), x € R
0

T
Here X is a fixed positive constant, r(z) = (ri(z1),...,74(zq)) for x = (zq,...,24) and
r(Br(t)) - dT'(t) represents the inner product between the vectors r(Br(t)) and d7T'(t). The
function v is called the value function for the multi-armed bandit problem. This problem was
studied by Karatzas [Kar84], Mandelbaum [Man87] and Dalang [Dal90] as a continuous time
generalization of Gittins’ index theorem for Markov chains (see, e.g., [Whi82] Chapter 14).
Assuming each of the r; are bounded strictly increasing functions, it was shown that there
exist index functions I'; which determine the following optimal strategy; run the process with

the largest T';(B?) (this will be made precise momentarily).
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We shall establish the following formula for the index function:

E,. [ e Mr;(Bi)dt
(1.4) [(x;) = sup — Jy e rilBi)

, 1 € R,
>0 EEZ f()T e—)\tdt i

where the supremum is over all stopping times 7 of B*. We also find it convenient to work

with the corresponding ndex process:
['(t) =Ti(B;), t>0,

and its lower envelope

The result to which we aspire is:

Theorem 1.5. Suppose that, for each i = 1,...,d, the function r; is nonnegative. Then

there exists a strategy T which follows the leader among the indices, namely,

T increases at time t only when T(TF(t)) = max f”(T]*(t))
j

and any such strategy is optimal. Furthermore,

v(z) = E, / e max [ (T;(t)dt, zeR”.
0

J

Put

J

An alternative characterization of 7™ is that
T increases at time ¢ only when Br:(t) € M,.

Later in the paper we shall impose further assumptions on the shape of the reward
functions r; and, in particular, we shall assume throughout that the reward functions are
bounded and continuous.

Sections 2 through 6 are devoted to an outline of the general proof of this result. Along
the way certain technical assumptions will be required. In Sections 7 and 8 we analyze certain
classes of monotone and unimodal reward functions and verify the technical assumptions in
those cases.

As is clear from [Man87], the optimality of Gittins’ index strategies holds in great gen-

erality. In this paper we analyze certain classes of monotone and unimodal functions, but
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our framework seems appropriate to accomodate general rewards. However, technical issues

remain open and we hope that others will be inspired to join in their resolution.

Acknowledgement: This paper was mostly prepared while the authors were visiting
AT&T Bell Laboratories in Murray Hill, NJ. We would like to acknowledge the generous
support of Bell Labs and especially the encouragement and support of Debasis Mitra and

Larry Shepp.

2. THE DYNAMIC PROGRAMMING EQUATION.

The principle of dynamic programming suggests that the value function satisfies the

following Hamilton-Jacobi-Bellman equation:

where
1 0%v

Liv(w) = 2 0x?

——(2) — Av(z).
In fact, we have:
Theorem 2.7. Let w be a bounded C? function that satisfies (2.6). Suppose that there is a

switching strategy T for which Ty(t) increases only when Lyv(Bz(t)) + ri(BL(t)) = 0. Then

w is the value function v, and T is an optimal switching strategy.

Proof. Let Z; = e ™w(Br(t)). In Section 3.1 of [MSV90] it was shown that, for any
switching strategy T, the quadratic variation of B is Tj,

(Bp): = Ti(t),

and that the quadratic covariation between B% and B% vanishes (for i # 7). Hence, applying

Ito’s formula to Z;, we get

/ _/\UZ 83@ u))dBr(u)
4 / e > Liw(Br(u)dT ().
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Taking expectations, letting ¢ go to infinity and using the fact that w is bounded, we see

that

w(z) = —E, /0 Ooe‘”ZLiw(BT(t))dﬂ(t)

_E / e (By(t)) - dT(1)

0

E, / S Law(Br(t) + ri(BRO)AT(2).
Now, since L;w + r; < 0, it follows that for any switching strategy T,
w(x) > E/OO e Mr(Br(t)) - dT(t).
0
However, for the specific strategy T, we have
w(x) = E/OO e Mr(Bg(t)) - dT(t).
0

Hence, we see that w is the value function and 7 is an optimal switching strategy. U

What remains is to exhibit a smooth solution to the Hamilton-Jacobi-Bellman equation
(2.6) and to establish the existence of a switching strategy with the desired property. The
construction of a solution to (2.6) depends on a certain optimal stopping problem associated
with each individual arm. This optimal stopping problem is studied in the next section.
Then, in section 5, the solution to these optimal stopping problems are used to exhibit a
smooth solution to the Hamilton-Jacobi-Bellman equation. The construction of the optimal

switching strategy and the investigation of some of its properties is described in section 6.

3. AN ASSOCIATED OPTIMAL STOPPING PROBLEM.

In this section, we study the following ~v-parametrized family of optimal stopping prob-
lems for a single Brownian motion with a single reward function r: find a stopping time 7*

for which

*

(3.8) v(z,y) = E,; /OT e M(r(By) — v)dt

= supEm/ e M(r(By) —7)dt, x€R.
0

T

The function v is called the value function for the optimal stopping problem.
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Assume for the moment that ~ is fixed and consider the value function as a function
of only a state variable . The principle of dynamic programming suggests that the value

function satisfies the following Hamilton-Jacobi-Bellman equation:
max {Lv+r —~,—v} =0,

where

1
51}”(&:) —M(z), ze€R

The solution to this nonlinear equation depends on finding an open subset D of R such that

Lu(x) =

(3.9) Lv(z)=—r(z)+~y and wv(x)>0 forxe D,
and
(3.10) Lv(z) < —r(z) 4+~ and wv(z)=0 forax¢gD,

where D denotes the closure of D. The principle of smooth fit (see, e.g., [GS68]) says that
D is determined by the condition that the function v be “smooth” at the boundary of D.

The following theorem makes this precise.

Theorem 3.11. Suppose there exists an open set D and a function w satisfying (3.9) and
(8.10). Suppose further that w is differentiable and piecewise twice continuously differen-
tiable. Then w is the value function v and the first exit time from D is the optimal stopping

time.

Proof. Let Z, = e Mw(B;). The smoothness assumptions allow us to apply Ito’s

formula to Z;, and we get
Zy— Zy = / t e~ Mw'(B,)dB, + / t e M Lw(B,)du.
Now letting 7 be an arbitrary stogping time and takingoexpectations, we get Dynkin’s formula
E.e " w(B;) —w(z) = E, /T e~ M Lw(By)dt.
Since w > 0 and Lw < —r + 7, 0
w(z) > B, / "M (By) — )t
However, for the first exit time 7 from D,Ow(B;) =0 and Lw(By) =r(B;) —~ for t <7 and

so the above inequality is actually an equality. Hence, 7 is the optimal stopping time and

w(z) is the value function. O
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Theorem (3.11) reduces the optimal stopping problem to a problem in analysis. Indeed,

we guess a form for D depending on a few undetermined parameters, solve

Lw(x) = —r(z)+~ forzeD,
w(x) = 0 forz ¢ D,

and then apply the principle of smooth fit to impose the desired level of smoothness in
w (from Theorem (3.11)). This process reveals the exact values of the parameters which
determine D and hence the solution to the problem. In the following sections, we carry out
this program for reward functions that are monotone or have at most one critical point.

Now we consider the dependence of the value function on the parameter ~. Put

(3.12) ['(z) = inf{y : v(z,v) = 0}.

The functions v and I" possess the following properties.

Theorem 3.13. For each z,
(1) =1/XA < 0tv/oy <0,

(2) I'(z) <

(3) v(z, ) < o0,

(4) 0T v/0y(x,07) = —1/\ .

Proof. (1) Note that the “supand” in (3.8) is linear in ~:

E, / N (r(By) — 7)dt = a(z, 7) — bz, 7).
0
where
b(x,7) = Ex/ e Mdt.
0

Clearly, 0 < b(z,7) < 1/A. So, v(z) is a supremum of linear functions each of whose slope
lies in [—1/A,0]. Hence, 07v /0 exists and satisfies (1).

(2) Suppose that r is bounded by M. For v > M, r(B;) —~v < 0 and so 7 = 0 is optimal
which means that v(z,~y) =0 for v > M.

(3) Follows from (1) and (2).
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(4) For v < 0, r(B;) —~v > 0 and so 7 = oo is optimal which means that

v(xz,y) = E, /000 e M(r(By) — 7)dt

- E, / e Mr(By)dt — <.
. )

Hence, for v < 0, 0Tv/0y(z,7) = —1/\ and (4) follows. O

4. ALTERNATE FORMULAS FOR THE INDEX.

In Theorem 1.4, we aspired for a representation of the value function v in terms of the

indices. The representation applies also to a single arm, in which case it takes the form

0<u<t

E,, / e Mry(B})dt = E,, / e inf Ty(BL)dt, =;€R.
0 0

This can be shown to imply that

1 i

(4.14) E, / LNy y(B)dt = B, / "o inf TL(Bi)du,
0 0 0<u<t
where
mi=inf{t > 0:Ty(B}) <Ty(B)) —¢}, €>0.

Dividing both sides of (4.14) by E,, fOTg e Mdt, letting € | 0, and observing that inf I';( B?) is
trapped within [[;(B}) — €, T;(Bj)] up to time 77, we get that

E,, [ e ri(Bi)dt
Ty(z;) = lim Syt mBdt g

The relation
E,, [] e Mri(Bj)dt
E,, [, e Mdt

for any stopping time 7 of B’, is an immediate consequence of the definition of T'; in (3.12).

Li(z) >

One now deduces the representation (1.4) of T';.

5. SOLUTION OF THE HAMILTON-JACOBI-BELLMAN EQUATION.

In this section, we construct a smooth solution to the Hamilton-Jacobi-Bellman equation.

For each i, consider a related optimal stopping problem:

vi(2s,7) = sup Es, / e (ri(Bl) — ~)dt.
T 0
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Each of these value functions satisfy all the properties given in Theorem (3.13) as well as
the dynamic programming equation:

max{—uv;, Lyv; +r; — v} = 0.

Associated with each of these value functions is an index function defined by (3.12). Hence,

let

I';(z;) = inf{y : v;(x;,7) = 0}.

Theorem 5.15. Suppose that for each 1,

o [, is continuous and
e for each v, 0v; /0y is C' in z; on {x; : Ti(z;) > ~}.

Then the function

dry

w(z) = %/OOO [1 -T1 (A%(mi,v) 4 1)

)

is bounded, C?, and satisfies the Hamilton-Jacobi-Bellman equation (2.6).

Proof. We start by showing that w is C?. To this end, let

and put
wij (T, ... xq) = / (1= &(@i, )& (@5, V) e i€k (@, 7)) dy

0
Lj(z;5)

+ /( | (1 —&(zj, ) gz j&k(zr,y)) dy
Fi Tq

+ / (1 — Tl &k (r, ) dry.
r

(@5)
Note that & (x;,I';(z;)) = 1 and that the function w is related to w;; via

w(e) = yuy(e) on {r: Tilr) < Ty(x,))

To establish the claimed smoothness of w it suffices to show that w;; and w;; patch together
smoothly on {x : I';(x;) = I';(z;)}. Since this set has codimension one and w;; = w;; on this

set, it suffices to check any one of the first derivatives and any one of the second derivatives
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(since if these agree, then normal derivatives agree and that is all that is needed). For first

derivatives we have

Ow;; /Fi(mi)
i &i &5 My Sk dy
O ; J #1,J
and
aw . Fj(xj) F’L(xl)
8_3 = _/ fz/ fj H]ng’jfk d’}/ - / 5; Hk;éi,jfk d’%
ZT; 0 Lj(z;)

where we have supressed the arguments of the ¢’s and the primes on the £’s denote derivatives

with respect to the x variable. Evaluating at I';(x;) = I';(x;), we get

8wi- r
8—J = —/ & & My & dry
_ Owj
O%i |, (zy)=r(z;)=r

Similarly, for the mixed partial derivative, we get

0w, Li(zi)
D, _/0 G 6 Mgt
0T
and
0w Lj(z;)
G == [ g M
1O
Evaluating at I';(z;) = I';(z;), we get
82101“ r
5 5 = — / & & Mri i dy
T3P (2)=";(2;)=" 0
_ 8211)]'2‘
5 :
07 |p,(2)=r aj)=r

Hence, w is C2.
Let M denote a bound for all of the reward functions. For v > M, the integrand vanishes

and so we can write

(5.16) wo) = [ ; 1= (A2 +1) (e o
where
Fy(w,7) = gu%@m 1),

Note that each factor in this product has all the properties of a cumulative distribution

function in v and hence so does F;. Writing the integral of the difference in (5.16) as the
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difference of the integrals and integrating by parts the subtracted integral, we get

w(r) = % { M - [(Avj(l“j,v) + v)f‘}'(ﬂw)}

=M

y=0~

[ Ou) B b

Since Fj(z,07) =0, F;(z, M) =1, and v;(z;, M) = 0, it follows that the nonintegral terms

cancel each other out and we get

we) = 5 [ Ouas) + DE ),

From this formula, we see that w is C' in z; and piecewise C? in z;. We may thus apply

the operator L; to w to get

oo

(5.17) Lw(z) = / (Lyvy(2,,7) — 2 Fy(a, ).

Now, the measure Fj(z,-) is supported on the interval [0, max;.; I';(x;)] and the integrand
in (5.17) is dominated by —r;(z;) with the domination being an equation when v < T';(z;).
Hence,

Lijw(z) < —rj(z;)

and the inequality is actually an equality when

i#]

Since, for any z, there must exist some j for which I';(z;) dominates all the other I';(x;)’s,

it follows that w indeed satisfies the dynamic programming equation. O

6. THE OPTIMAL SWITCHING STRATEGY.
The final comment in the proof of Theorem (5.15) shows that
M; ={z € R*: Ty(x;) = maxT(z;)} = {x € R : Lyw(x) + ri(x;) = 0}.
j

Hence, to construct a switching strategy, as described in Theorem (2.7), it suffices to con-
struct a switching strategy that follows the leader among the index processes [;. The ex-
istence of such a strategy was established in [Man87], for continuous I';. (An alternative
construction for d = 2 was described in [MSV90].) An extension to I; whose sample paths

are right-continuous with left limits is carried out in [KM93].
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Switching among Brownian motions is naturally quantified in terms of local times. To
see that, consider for example a multi-armed bandit whose reward functions are monotone
increasing and equal to each other. Then an optimal strategy 7™ simply follows the leader
among B;, i = 1,...,d. Assume for simplicity of exposition that B;(0) = B;(0) for all 1, j.
Then, as explained in [Man87|, the strategy 7™ is uniquely determined by the relations

1 _ _ pd
Introduce the excursion process € = (&4, ..., &%) by
€ = By(t) ~ Bin(t), >0

One can then show that the process By has the pathwise decomposition

1
BT*(t):gt_(_iLt'€7 tZO,

where L = {L;, t > 0} is the local time of £ at 0, and e is the d-dimensional vector of 1’s.

Equivalently,

1
Ly = h\%l 2_6/ 1[0,66] (gu)du , t=>0,
€ 0

where the limit is taken almost surely. In other words, Br« can be described as evolving
down along the diagonal {z € R*: ; = --- = 24}, while performing excursions in parallel

to the half lines {x € R? : z; > 0, z;=0for j#i}, i=1,...,d

7. MONOTONIC REWARDS.

Suppose first that r is continuous and strictly increasing. This suggests that the solution
to the optimal stopping problem is the first hitting time of an interval (—oo,b). The value

function then takes the form:

(7.18) w(zy) = | Jo @by +b) =y =
0 z<b
where
1
(7.19) oz, y) = ——(e7 VP vl _ gmV2A (yta)y,

V2

Note that the function gy is the Green’s kernel for Brownian motion on (0,00). Viewed as a

function of x, it is the unique bounded solution to

1
39" —Ag =0, ¢(0)=0.
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Differentiating (7.18) with respect to x, we get

o oA @=by)(r(y+b) —)dy x>b
0 z <b.

V' (z,7) =

The principle of smooth fit now says that we should equate the left and right derivatives at
b:

(7.20) /OOO e V2 (r(y 4 b) — y)dy = 0.
Put
(7.21) I(z) = V2X /OO e V2 (x4 y)dy.

Then (7.20) becomes
(7.22) I'(b) = 1.

Since r is strictly increasing, it follows that I' is as well. Hence, we can invert to solve for b,

namely
b=T""(v).

We now identify the function I" defined in (7.21) as Gittins’ index (3.12). First, v(z,v) = 0
if and only if z < b = I'"(v), which is equivalent to the condition that T'(z) < . Thus,

inf{y : v(x,v) =0} =T'(z).

Finally, in order to apply Theorem (5.15), we need to show that I is continuous and that
for each v 07v/0 is differentiable in 2 on {z : T'(z) > ~v}. It follows from the continuity of
r and (7.21) that I" is continuous. In fact, it is differentiable and

I'(z) = V2 (D(z) — r(z)).

It follows from (7.18) that, for v < I'(z),

(7.23) e R G AR R
+/0°ng<a:—b,y> ((y+b) ¥ — 1) dy
where b = I'"!(v) and
oy L1 1

I(IT-1y) ) VX (y—r(b)
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Substituting the explicit expression (7.19) for g, into (7.23) and integrating by parts in the
integral involving 7’ and simplifying, we get

6 o0

@ 21)’/ e VWD 1y 4 b)dy

Oy 0
(7.24) + b / ga(x = b,y)dy

0
—/ ga(z = b,y)dy.
0

From (7.21) and (7.22), we see that the first integral simplifies to

> —V2X(y+z—b) _ —\/2)\(x—b)F(b) __—V2xa-b) 7
e r(y+b)dy =e — =c —_—
/0 (v )dy V2 V2

Also, explicit calculations reveal that

/ gh(x — boy)dy = 27V
0

/ g(z —b,y)dy = 5 (1 - 6‘“@9"’"))) .
0

Substituting these three integration formulas into (7.24) and simplifying we finally discover

and

that, for v < T'(x),
% — 1 (efx/ﬁ(xfb) o 1) ]
oy A
This expression is clearly continuously differentiable in x.
We end this section by reminding the reader that the above formulas were derived under

the assumption that r is strictly increasing. Had it been strictly decreasing we would have

obtained similar formulas. Indeed, if we let

(7.25) T.(z) = V2X Ooe"/ﬁyr(xjty)dy
(7.26) I_(z) = V2\ Ooe_myr(x—y)dy,

0
then I', is the index function for strictly increasing rewards and I'_ is the index function for

strictly decreasing ones.
8. BITONIC REWARDS.

In this section we consider reward functions that have one critical point. We call such

functions bitonic. The critical point of a bitonic function can be either a maximum or
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a minimum point of the function. If it is a minimum, we say that it is a DI function

(decreasing, then increasing). Otherwise, it is an ID function.

8.1. DI Rewards. Suppose now that r is first strictly decreasing and then strictly increas-
ing. As always, we assume that r is bounded and therefore has limits at plus and minus
infinity. Let m denote the point at which 7 is minimized. To solve the optimal stopping
problem, it makes sense to postulate that the optimal stopping time is the first hitting time

of an interval (a, b) (typically positioned near m). The value function then takes the form:

[ =by)(rly+b) —ydy x>0
(8:27) v@N =1 [Coa-ny)rla—y) —dy z<a

0 a<z<b,

with g, defined as in (7.19). Differentiating (8.27) with respect to x, we get

@ =by)rly+b) —dy  z>b
V@) =9~ [Pga—ny)rla—y) —dy v<a
0 a<z<b
The principle of smooth fit now says that we should equate the left and right derivatives at

points a and b:

(8.25) | ety =y =o
and
(8.29) /000 e’my(r(a —y) —)dy = 0.

In terms of the functions I'y and I'_ defined in (7.25) and (7.26), equations (8.28) and (8.29)

become
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Em
FIGURE 1. The functions r, I'y and I'_.

However, they need not be monotone everywhere so we now investigate the regions in which

I'y is increasing and I"_ is decreasing. Differentiating and then integrating by parts, we get
I (z) = V2A / e VU (2 + y)dy
0
(8.30) = V2\ (T (z) —r(x))
and

I (z) = V2\ / e VR (2 — y)dy
0
= —V2A (I'_(2) —r(z))
Without loss of generality, we will assume that the limit at plus infinity is at least as large
as the limit at minus infinity (see Figure (1)). This then implies that I"_ has at least one
critical point. We denote by x~ its leftmost critical point.
There are two cases to consider depending on whether I', has critical points or not. First,

suppose that it does. Let 2 denote the rightmost critical point of T'y. Tt follows from (8.30)

that £ < m and that

Ly(z")=r(z*) and T, (x)>r(x) forz>az".

' (z7)=r(z") and TI'_(x)>r(z) forz<a .
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Hence there exists a point £ between x+ and z~ at which T'; and T'_ intersect (see Figure
(1).

Now suppose that I'y does not have any critical points. Then for z < z~ I'_(x) <
r(—o0) = 'y (—o0) < I'y(x). Hence, in this case I'y and I'_ have no intersection: they
“intersect” at minus infinity. It will be seen that this case reduces to the monotone increasing
case treated earlier.

We now identify the function given by
D(z) =T_(2) VT, (2)

as Gittins’ index. First, v(z,v) = 0 if and only if I~'(y) = a < x < b = I';'(y), which is
equivalent to I'_(z) <y and I'y (z) <, that is I'(z) < 5. Thus, inf{y : v(z,v) = 0} = I'(x),
and we are done.

Finally, in order to apply Theorem (5.15), we need to show that I' is continuous and
that, for each v, 07v /0 is differentiable in x on {z : I'(x) > ~}. Since I'y and T'_ are both
continuous (in fact differentiable), it follows that I" is continuous.

Arguments analogous to those given at the end of Section 7 show that

o 3 e~ VMIZ ()-2) _ | for (z,v) in region I,
2ol 3 e VAT _ g for (x,7v) in region II.

For (z,7) in region IV, 7* = 0o and so
ow) = B[N B) -
0

= E/ e Mr(By,)dt — 7
0 A
From this it follows that, for (z,7) in region IV,

ov 1

o N
Hence, from the formulas for dv/dy for (x, ) in regions I, II, and IV, it is clear that dv/0y
is C? in z on {x: T'(x) > ~}.

8.2. ID Rewards. Suppose now that r is first strictly increasing and then strictly decreas-
ing. As before, r is bounded and so has limits at plus and minus infinity. Let m denote the

point at which r is maximized. To solve the optimal stopping problem, we postulate that
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the optimal stopping time is the first exit time from an interval (a,b) (typically positioned

near m). The value function then takes the form:

Loz y)r(y) —dy  a<z<b
0 r<aorx>b

(8.31) v(x,y) =

where!

N y)_cosh\/_(b—@—|$_y|>_COSh\/_(b+a—(x+y))
e V2 sinh v2) (b — a)

Note that the function gy is the Green’s kernel for Brownian motion on (a,b). Analytically,

gy is the unique bounded solution to

1

59" —Ag=—04,, g(a)=g(b)=0.

Differentiating (8.31) with respect to z, we get

L@ y)(r(y) —vdy  a<z<b
0 r<agorxz>b

v'(z,y) =

The principle of smooth fit now says that we should equate the left and right derivatives at

, B bsinh\/ﬁ(b—y) B
o) =2 [ S )~ )y =0

b sinh 2\ (y — a)
2/a sinh V2 (b — a)

points a and b:

and

v'(b,y) = - (r(y) —v)dy = 0.

Simplifying slightly, we get

(8.32) / sinh V2 (b — y)r(y)dy = 7/ sinh V2 (b — y)dy

a a

and

b b
(8.33) / sinh V2X (y — a)r(y)dy = 7/ sinh V2 (y — a)dy

a a

We would like to manipulate (8.32) and (8.33) in such a way as to isolate a in one of the
two equations and isolate b in the other one. Then we could write v as a function of a
from the one equation and ~ as a function of b from the other one and putting these two
formulas together appropriately would yield the Gittins index function. However, it appears
that this cannot be done explicitly without making further simplifying assumptions. Hence,

IFor notational convenience, we omit the parentheses surrounding arguments of hyperbolic functions. For
example, cosh vV2X (b+ a — (z + y)) stands for cosh(v2\ (b+a — (z +¥)))
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we assume now that r is symmetric about its minimum point which we take without loss of

generality to be the origin. Then symmetry dictates that a = b and both equations reduce

to a single equation:

b b
/ sinh V2 (b — y)r(y)dy = ’y/b sinh V2X (b — y)dy.

_b _

Therefore, for a symmetric reward function, the index function I' is given by

[7 sinhV2X (z — y)r(y)dy

= Ve - iy

for x > 0, and its value for x < 0 is determined by symmetry:

It is tedious but straightforward to show that I' is strictly increasing for x > 0. In order to

apply Theorem (5.15) we need to show that 0%v/07 is differentiable in = on {z : I'(x) > ~}.

This too is tedious but straightforward and hence omitted.
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