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I. I. Dikin’s Convergence Result
for the Affine-Scaling Algorithm

R. J. VANDERBEI AND J. C. LAGARIAS

ABSTRACT, The affine-scaling algorithm is an analogue of Karmarkar's linear
programming algorithm that uses affine transformations instead of projective
transformations, Although this variant lacks some of the nice properties of
Karmarkar's algorithm (for example, it is probably not a polynomial-time
algorithm), it nevertheless performs well in computer implementations, It
has recently come to the attention of the western mathematical programming
community that a Soviet mathematician, L. L Dikin, proposed the basic
affine:scaling algorithm in 1967 and published a proof of convergence in
1974, Dikin's convergence proof assumes only primal nondegeneracy, while
all other known proofs require both primal and dual nondegeneracy. Qur
aim in this paper is to give a clear presentation of Dikin’s ideas.

1. Intreduction

In 1984, N. K. Karmarkar {7] discovered a polynomial-time algorithm
for linear programming, which, unlike earlier such algorithms, was said to
perform better than the traditional simplex method. This pioneering work
inspired a huge amount of research on interior methods for linear program-
ming. Today, these methods are divided into two basic classes. Algorithms
in the first class are called projective-scaling algorithms (see [10] for a list
of references). This class includes the original algorithm studied by Kar-
markar. Roughly speaking, projective-scaling algorithms are hard to describe
but easy to analyze. That is, the description of these algorithms involves
technicalities such as logarithmic barrier functions, assumptions that the op-
timal objective function value is zero, etc., which although they originally
seemed rather obscure are now seen as forcing the sequence of points gener-
ated by the algorithm to home in on something called the ‘central trajectory.’
Once these technicalities are understood, the analysis proceeds 1o a proof of
polynomial-time convergence.

Algorithms in the second class are calted affine-scaling algorithms {see, e.g.,
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[4], [13]). In comparison, these algorithms are easy to describe but hard to
analyze. That is, affine-scaling algorithms have very simple, geometrically
intuitive descriptions, but proving convergence is a difficult and interesting
mathematical problem. Until recently, the only known proofs of convergence
(in the west) involved assuming that the linear program was primal and dual
nondegenerate, {(Empirical evidence suggests that neither of these assump-
tions is necessary.) Furthermore, there is strong evidence [8] to support the
belief that these algorithms are in fact exponential in the worst case.

This segregation into two classes is not intended to imply that projective-
scaling algorithms are ‘first-class’ algorithms whereas the affine-scaling aigo-
rithms are ‘second class.’ In fact, all serious large scale implementations
currently being pursued use affine-scaling methods ([1], [2], [9], [11], {12]).
The reason is that the affine-scaling methods have certain advantages over the
projective-scaling algorithms. For example, they apply directly to problems
presented in standard form, and on the average they are computationally
more efficient. Ironically, this brings us back to the old situation where what
is theoretically best (worst case) is not practically best (average case).

A further point worth mentioning is that the distinction between these
two classes of algorithms is being blurred as people discover polynomial-
time algorithms that look more and more like affine-scaling algorithms., The
most notable example of this is the recent paper by Monteiro et al. [10],
where it is shown that the affine-scaling algorithm applied to the primal-dual
problem is in fact polynomial if the initial point is close to the center of the
polytope and the step size is not too big.

It has recently come to the attention of the western scientific community
that a Soviet mathematician, I. 1. Dikin, proposed the basic affine-scaling
algorithm in the Soviet Mathematics Doklady in 1967 [S). He published
a proof of convergence in 1974 [6]. It turns out that, not only did Dikin
predate the west by almost 20 years, but also his proof of convergence does
not require the dual nondegeneracy assumption. The purpose of this paper
is to give a clear presentation of Dikin’s methods,

Perhaps the most interesting open problem in this area is io prove that the
affine-scaling algorithm converges even if the problem is primal degenerate,
Essentially, all real-world problems are both primal and dual degenerate, and
yet practical experience shows that this does not present any difficuity (except
that the code has to be able to solve a consistent system of equations even
when there are dependent or almost dependent rows). In a recent paper [3] by
Adler and Monteiro, it was shown that the continuous trajectories associated
with the affine-scaling algorithm do indeed converge even when the problem
is primal and/or dual degenerate. Hence the problem is the discreteness
of the affine-scaling algorithm. Dikin chose a step size that is smaller than
the one in {13] and was able to remove the dual nondegeneracy assurmption,
Perhaps by taking an even smaller (but noninfinitesimal) step size, it might
be possible to remove the primal nondegeneracy assumption as well.
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2. The main convergence result

In this section, we describe the basic afline-scaling algerithm studied by
Dikin. The primal linear program is

(P) mine - x
Ax =b
x>0
The associated dual linear program is
(D) max b - w
ATw <c.

We begin by introducing some notation. Let Q= {x e R 4x =b,x >
0} denote the polytope for the primal problem; let Qb = {x € Q:x > 0}
denote the relative interior of €; andlet 9Q = Q—Q° denote the boundary
of Q. Finally, given a vector x, let D_ denote the diagonal matrix having
the components of x along its dlagonal

The motivation behind the affine-scaling algorithm can be found in many
papers (see, e.g., [13]). Therefore, in this paper we assume that the reader
has seen the motivation and we go straight to the definition of the algorithm.
For this, we need to introduce three important functions. The first function

w: Q% — R™ associates with each x € Q° a vector of dual variables:

w(x) = (AD2 A7) aDle.

The second function :Q° — R” measures the slackness in the inequality
constraints of the dual problem:
Hx) = ¢~ A w(x).
Note that w(x)} is dual feasible if and only if r{x) > 0. The vector r(x) is
called the vector of reduced costs. The third function y: Q' Qs given by
2
Dlr(x)
{ plx) = x — —=——.
W )= Do
The affine-scaling algorithm is defined in terms of the function p:
k k 0
kot yix7), x eQ
=y ok k
x", x"edfd.
The algorithm also generates a sequence of dual variables
k k 0
w(x™), x €Q
wk { (x%)

wk! , x*eaq
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and a sequence of reduced costs

k T k
r=c—-A w .

For notational convenience, put D, = D . Note that if the sequence xF

hits the boundary of the polytope, then it becomes fixed at the point where it
first hits. In contrast, the dual variables become fixed at the values associated
with the last interior point before the boundary was hit.

This affine-scaling algorithm differs slightly from the ones studied in [4]
and [13]. The difference is in the step size. In words, the aigorithm studied
here steps 100 percent of the way to the surface of the inscribed ellipsoid (see
[4] for the definition of this ellipsoid), whereas the algorithm in [4] steps only
a certain fraction « of the way to the surface. Hence, while the algorithm
presented here can stop in a finite number of steps, the one in [4] aiways
involves an asymptotic approach to the optimal solution. In contrast, the
algorithm presented in [13] steps a certain fraction of the way to the nearest
face. This means that the mapping y(x) defined by (1) has to be changed to

_ x—aDlr(s)
T x)

13
P ,
where
P(x) = max x;r,(x).
j

It is easy 10 see that
7(x) D r(x)ly, < D r(x)|

{assumption (1) below implies that y{x) > 0). Hence, the step length chosen
in [13] is the longest, followed by the L*° norm, followed by the conservative
L’ step length studied here. It should be noted that all implementations use
the step length described in [13], and so, in a sense, convergence proofs for
that case are the most interesting. We do not study that case here, but it is
easy to peruse the proof given here for the I case and see that it can be easily
modified to cover the L case as long as we also introduce a contraction
factor e < 1.
The following assumptions are made:

l. —co <mingc. X <maxgc-X,

2. Qs nonempty; e is given,

3. A has full-row rank,

4, AD_?L_AT is invertible for all x € 2.
Assumption (4) is called primal nondegeneracy. Note that assumption (3)
implies that ADiAT is invertible for all x € Q°. Hence, the primal nonde-
generacy assumption is really an assumption about the boundary of Q. Also
note that the primal nondegeneracy assumption implies that the domain of
the function w can be extended to all of Q. Also, assumption (1) implies
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that |D. r(x)| # 0 forall x € Q°, which in turn implies that y(x) is well
defined.
The main result is

THEOREM. The sequence X converges to a primal feasible point . The

sequence w* converges to a dual feasible point W. The pair consisting of

the limiting primal variables X and the limiting reduced costs F=c— A" W
satisfy strong complementarity:

(2) X;=0 ifandonlyif F;>0.
In the next section we prove this theorem assuming the polytope is bounded.
Then, in Section 4, we remove the boundedness assumption.
3. Proof assuming compactness
In this section, we assume that Q is bounded. For this case, we break the
proof up into a series of steps.

Step 1. Primal feasibility is preserved. It is easy to check that ADﬁr(x) =
0, and therefore, since Ax = b, we see that

ADr(x)
Ay(x)=Ax - —2 -2 =b.
ye) 1D, 100
From the definition of y(x)}, we see that the jth component is given by
X1 (x}
_ _ il
¥ 0 =31~ )
The subtracted term above must lie between —1 and I, and hence
(4) 0 < y,(x) < 2x,.

Step 2. Hitting a face implies optimality. Suppose that x* & Q° and that

x¥*' = 0. Then (3) implies that x;.‘rj.‘ = ]Dkrki. Hence, since xf > 0 for
ket

J
all i, we see that r;.‘>0 and rf=0 for all i # j. Since X = x

W= wk , we see now that (2) holds. Henceforth, we assume that *e®
for all k.

Step 3. The objective function decreases. We begin with the obvious:

_c Dir(x)
D)

and

c-x—c-p(x)

Next, note that D r(x) = P D c, where P, =1 - DXAj'"(AD;AT)_IAD)r
denotes the projection onto the null space of AD_. Hence,

¢c-D P D¢

KX

A N O ¥ 6]
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and, since P, is a projection matrix, it is idlempotent and symmetric, and so
c-x—c-y(x)=[PD.c|=|Drx).
Therefore,
e xF o Xt = |D,r l

Step 4. Complementary slackness holds in the limit, Since ¢ x* converges

(it is decreasing and bounded below), it follows from the previous step that
D | - 0.

Step 5. The dual variables are bounded. Assumption (4) implies that w(x)
is a continuous function on the compact set £}; hence w(x) is bounded.

We now introduce some auxiliary notation, Let 70 be a limit point of w® .
Let kp , p=1,2,..., denote a subsequence along which wk converges {o

W. Put F=c— A'w, and let
B={j:F,=0}, N={j:F,#£0}.

The indices in B are called the basic indices and those in N are called
nonbasic, Abusing notation, we use the same letters to denote the partition
of A into its basic and nonbasic parts:

=[B| NI

We denote the corresponding partitioning of #-vectors using subscripts:

Step 6. lim, _or(x) =T, First note that

r(x) =1 - A" (AD A7) AD e

= - AT (D2 ATy 4Dl)r,
where the second equality follows from the definition of ¥ and the fact that
the bracketed matrix annihilates A~ . Rearranging the last equation and

using the fact that the basic components of 7 vanish, we get

F—r(x)=A"(ADiA") ' ND] F

Now, since (ADzAr)”1 exists and is continuous throughout the compact set

Q, it follows that it is bounded. Hence as x,, tends to zero the D ~ factor
dominates and drives the difference to zero.

Step 7. The nonbasic components of x convergence to zero. le jeN. By
Step 4, we know that x r tends to zero. We also know that r tends along

the subsequence kp j, which is a nonzero number. Hence, xj.‘ must
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tend to zero along the subsequence kp . Since this is true for any nonbasic
index j, we see that
k
xy — 0.

Now suppose that xf{', does not tend to zero along the entire sequence; i.e.,

there exists a ¢ > 0 such that xf{r € C; infinitely often, where C; = {x,:0 <
x; < ¢ forall i€ N}. (Given such a J, any smaller value will also work.)
Fix ¢ small enough that Cj is visited infinitely often and

(5) i1 2 4171

forall j and forall x such that x, € C,. This, of course, is possible because
of the previous step, Let K = {k: xf{, € C; and xi,"” < Cg}. Then clearly
K is an infinite set. Now let K = {k e K: xj.‘“ > d}. Then K = Uen X, -
Since N is finite, there exists a j such that K, is infinite. Let k, be the
subsequence that enumerates K i Then

k! kgt
Xy <& and x;* > 4.

Using formula (4), the second statement above implies that xf" >d/2, From

(5) we see that
k

' kl =
|x;Pr’l 2 §O1F,1 > 0
for all p. This contradicts Step 4 and so we are led to conclude that xf.:,
actually tends to zero.

Step 8. The dual variables converge to . As in Step 6, we start by noting
that
w* W = (AD} A"Y ' AD}(c - A"w)
= (4D ATy ' ADLF

2 T—1, 2 _
= (AD} A7) NDx‘:;rN.
Again, we use the fact that (AD_f,AT)_E is bounded to conclude that the
difference converges to zero, since x"{, is now known to converge to zero.
Step 9. The limiting nonbasic reduced costs are peositive. Suppose there
exists a j € N such that 7 <0, Since w* — W, there exists a K such that
rj.‘ < ¢ for all k£ > K. Hence, we see that

k+1 k
X; =X (1 -

kK
Xit:
IDJ i’l) >x; forallk > K.
k"

This contradicts Step 7.
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Step 10. The basic components of xF converge (say to X,). From the
definition of the algorithm, we have

k2 k

T

(6 XU —x =4 .
) J J EDkrkl

Therefore, xj.‘ converges if

Z(x" VIr]
‘k
=0 1D
For jeB,
— T .,T 2 ,7\—1 2 _

ri(x)=r{x) -7, = e; A (AD A") NDerN

Hence, )
Xpti = Zaj,(x)x, Fis
leN

where

o,(x) = e D2AT(AD} A7) ' Ne,
Contmulty and compactness now imply that there are bounding constants
v ou{x)f <@, forall x € Q. Therefore,

co (x) lrF _ o0 (xk)'z—.
(7) ZWSZ% ]—1:1

k=0 v ko 1D
Step 7 and equation (6) imply that, forany /e N,
kN2 k
Z (x/)°r
EDk’ l
converges. Since r;‘ — T;, we see that the right-hand side in (7) is finite.

Step 11. Strong complementarity holds. We only need to show that X, >
0. Fix je B. To show that X >0, it suffices to show that

i lngkH
k
k=0 %

converges absolutely, Clearly, this sum converges absolutely if and only if
o0 k+i Kk

I
j

converges absolutely. Using (3), we see that
k+l k k k
i i xf 3 i": X
D)

j k=0
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To see that this last sum converges absolutely, we use exactly the same ar-
gument as in the previous step, except that instead of o, we get something
similar,

T 2 T\ —
py(x)=e, D A" (4D A") " Ne,.

In the previous section, we found a bound for a; ; (x} that was valid through-
out Q. Here we settle for sllghtly less; we only need to show that pﬂ(x) is
bounded along the sequence x* . This follows from the fact that x* con-
verges and (AD_,;:AT)_1 is bounded. This completes the proof for the case
where Q is assumed to be bounded.

4, Proof without compactness

The boundedness assumption (in conjunction with primal nondegeneracy)
was used in three places:

t. In Step 5, showing that the dual variables function w{x) is bounded.
2. Tn Steps 6, 8, and 11, showing that (AD24")™" is bounded.
3. In Step 10, showing that the function a, ;(x) is bounded.

We will now show that the boundedness assumption is not necessary for
any of these three statements to hold and that primal nondegeneracy is not
necessary for the first and third,

We begin with the claim that (AD?47)™" is bounded. Let Q denote the
compact set consisting of the convex hull of the extreme points of Q. Then
any point x in £ can be wrltten as x = x+?, where % belongs to Q and
7> 0, A7 = 0. Hence, AD AT > ADAA in the sense that the difference
is positive semidefinite. Therefore, (x) > A,(X), where A,(x) denotes
the smallest eigenvalue of AD A", Primal nondegeneracy and compactness
of Q 1mply that 4,(%) > 1, > 0 forall X € Q. Since the L? norm of

(AD_\,A ) is exactly | /Al(x), we sce that

i

2 T\—1 | 1

AD A =— = <
I Yol Afxy T A (X
Note that even though we have removed the boundedness assumption on £},
we still have used primal nondegeneracy, This is essential, as the following
example shows:

< 00,

:MII —_

Clearly, (x,, X,) = (0, 0) is a point in the polytope at which (4D24™)™ =
1/(x12 + xzz) blows up,
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The other two claims follow immediately from the following statement:

LeMMA. For any n-vector y, the function w'(x) = (ADiAT)“lADi}’ is
bounded.

To prove this lemma, we use Cramer’s rule and the Cauchy-Binet theorem

to write the /th component as follows:
(8)

ith position

2
y | 2ig<iyenlXy Xy Vet (@, s a)dety L (ay Vs, @)
L i Y] 2
Ligjyaraiyenyy o Xy Videty | (@, a,))
where det o) (o, ..., a,) denotes the determinant of the m xm matrix
[RLUE P

obtained by selecting columns j,, ..., j,, fromthe mx# matrix whose rows
are the n-vectors oy, ..., «

3

. and where g, denotes the ith row of 4. To
bound this expression, we use the following simple inequality:
< max -,

N
Z"i‘

=1

N - .
ZS:‘ i
i=1

which is valid for any pair of sequences with 5, > 0. Since terms in the
numerator in (8) vanish whenever terms in the denominator vanish, we can
use this simple inequality to obtain the following bound:

hw!(x)] <  max e AR ALY
I - ES{{]<"'<-]‘"!S'H det-’l j-m(al R am) .
enom #£0 r

The right-hand side is independent of x and hence furnishes a bound.

5. Dikin’s proof

The ideas, methods, and results presented in this paper stem directly from
Dikin’s work. However, there are a few minor gaps in Dikin’s paper that have
been rectified here. The first is that he claimed that the limiting nonbasic
reduced costs are positive (Step 9) before he showed that the dual variables
converge (Step 8). His argument is extremely terse and combined with his
proof that the nonbasic components of x converge to zero (Step 7), so it
seems fhat at the very least he was leaving a lot to the reader. In any case,
the proof of Step 9 here certainly depends on the result of Step 8. Mike Todd
has a proof for Step ¢ that does not depend on Step &, but the proof given
here is easier,

The other difficulty is that in Steps 6, 8, and 11, where the boundedness
of (AJ_’)iA"r )"! is needed, Dikin argues that the desired result follows from
Cramer’s rule and the Cauchy-Binet theorem. We do not see how it is possible
to establish the boundedness of this matrix using that approach.
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