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A Modification of Karmarkar’s Linear Programming
Algorithm

Robert J. Vanderbei,' Marc S. Meketon,! and Barry A. Freedman'

Abstract. We present a modification of Karmarkar’s linear programming algorithm. Our algorithm
uses a recentered projected gradient approach thereby obviating a priori knowledge of the optimal
objective function value. Assuming primal and dual nondegeneracy, we prove that our algorithm
converges. We present computational comparisons between our algorithm and the revised simplex
method. For small, dense constraint matrices we saw little difference between the two methods.
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1. Introduction. This paper proposes a modification to Karmarkar’s original
algorithm [6] for solving linear programs. Our algorithm is formulated in the
positive orthant instead of the simplex. This makes it easier to conceptualize and
leads to computational simplicity. Karmarkar’s sliding-objective-function method
is replaced by a projected gradient search for the optimum. Empirically, this
leads to a decrease in the number of iterations the algorithm requires to solve a
problem.

In describing our algorithm, we show how to start it, when to stop it, and how
to identify infeasibility and unboundedness easily. Assuming primal and dual
nondegeneracy, we prove convergence to the optimal solution. (In practice, the
algorithm works equally well on problems not satisfying these assumptions.) We
also show that duality plays an important role.

Finally, we present results comparing the performance of our algorithm with
the revised simplex method for problems with fewer than 200 variables and
randomly generated, dense constraint matrices. For this class of problems we
saw little difference between the two methods. However, our results may not be
indicative of the behavior for large sparse problems.

Some recent papers on Karmarkar’s algorithm are [2], [3], [8], [9], and [10].
This algorithm has been independently proposed in [2] and [3]. No convergence
proof was presented in [3]. There is a convergence proof in [2] that is substantially
different from the one presented here.

2. Interior Methods. Any linear program can be transformed into the following
canonical form:
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) find x*eQ={x=0:Ax=>} suchthat
¢-x*=minc- x,
xeQ)

where A is a given m X n constraint matrix, ¢ is a given cost vector, and ¢ x
denotes the inner product between the vectors ¢ and x. Any such point x* will
be called optimal The linear function c¢- x is called the objective function. The
polytope £ is called the feasible region. If () is nonempty then the problem is
feasible. If min__,, ¢+ x> —00, the problem is bounded.

In the absence of degeneracy, the set Q°={x>0: Ax = b} is the interior of O
relative to the affine space {x: Ax =b}. We assume that we are given an interior
feasible point x° € Q°. In practice, this can be done by adding one artificial variable
to the matrix A. Indeed, if we put

A'=[A:b—Al],

where 1 denotes the vector of all ones, then the (sn+1)-dimensional vector of all
ones satisfies A'l = b. By assigning infinite cost (i.e., big M) to the new variable
X,+1, W€ can assure that it will vanish at the optimum. In fact, if it does not,
then the original problem is infeasible. If it does vanish, then a solution of the
enlarged problem is also a solution of the original problem.

When considering interior methods for linear programming, one immediately
thinks of going in the gradient direction. However, this will give a substantial
reduction in the objective function only if the current feasible point is somewhat
centered in the polytope so that all the walls are sufficiently distant. Therefore,
we are led to consider a method that alternates between “centering” the feasible
point and taking a step in the gradient direction. Many existing interior methods
are of this type. The efficiency and the elegance of any particular method depends
on the choice of the centering scheme. In the rest of the paper we consider one
special centering scheme.

3. Centering Scheme. The centering scheme that we use can be described as
follows. Since the walls of the polytope arise from the inequality constraints
x = (), it makes sense to change units in each variable so that the current feasible
point x° becomes the vector of all ones. In these new coordinates, the constraint
matrix A and the cost vector ¢ are changed but the inequality constraints x =0
are not. Hence, in these coordinates, our feasible point is at least one unit away
from every wall of the polytope.

From a physicist’s point of view, the above centering scheme must sound
particularly nice. After all, taking the gradient of a function where the various
coordinates have different units is unreasonable. But the above centering scheme
first makes all coordinate directions unitless and consequently they play an equal
role.
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We now describe the details. Given an interior feasible point x°, we make the
following change of units

(2) y=Dox,

where D, denotes the diagonal matrix containing the components of x. Clearly
x° is mapped to y°=1. In.terms of y coordinates, we get a new linear program
with A and c¢ replaced by
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To obtain the maximum rate of decrease of the transformed objective function,
we would move in the negative of the gradient direction, é. However, to preserve
the equality constraints we project ¢ onto the null space of A:

(5) & =P,

where P, denotes the projection onto the null space of AD,.
Next, we move from y° =1to y' in the direction of —¢,. The step size is chosen
so that y'>0:

(6) y1=1—a5p/mlax(e,-~ ),

where a €(0, 1), and ¢; is the ith unit vector. If ¢, <0, the problem is unbounded
(see Proposition 1). It is easy to see that y' is an interior feasible point in the
unitless coordinate system. Finally, we map back to get a new interior feasible
point for (1): ‘

@) x'=D,oy.

Substituting (4), (5), and (6) into (7), we get

x'=T(x°),
where
(8) T(x) =X —EDxPxDxCa
Y
and
%) v =max(e;: P,D,c).

The algorithm consists of generating the sequence of points

(10) x = T(x").
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ProrosITiON 1. Letting ¢,(x) = P.D,c, the following properties hold:

(a) If the objective function is not constant on ), then the sequence c- x* is strictly
decreasing.

(b) If, for some x€Q°, we have &,(x)=<0 and ,(x)#0, then the problem is
unbounded.

(¢) If, for some x € Q°, we have ¢,(x) =0, then every feasible point is optimal.

Proor. Property (a) follows from the fact that the algorithm is a projected
gradient method. Since ¢, is the projected gradient in the rescaled coordinate
system, the hypotheses in (b) clearly imply that the ray emanating from the vector
1 in the direction of —¢, never leaves the positive orthant. Since this a direction
of strict decrease, the problem is unbounded. Finally, the hypothesis in (c) implies
that every point in the rescaled polytype is optimal which, of course, implies the
same thing for Q. 0

4. Convergence. In this section we prove, under certain assumptions, that the
algorithm converges to the optimal solution. To show this, we introduce dual
variables and implicitly reconstruct duality theory.

ASSUMPTIONS

(1) The problem is bounded and feasible.
(2) The problem is primal nondegenerate.
(3) The problem is dual nondegenerate.

One can show that assumptions (2) and (3) taken together are equivalent to
the following:

(2") The matrix AD, has full row rank for every x € ().
(3") The vector c—A™w has at most m zeros for every we R™.

It follows from (2') that (AD2AT)™! exists for all x €, and from this it can
be shown that it is continuous in x. Finally, it can be shown that assumptions
(1) and (2') imply the existence of an interior feasible solution.

Before proceeding, we will give a formula for projection matrices. If Q is any
full row rank matrix, the projection onto the null space of Q is I-Q”(QQ”") Q.
Since P, is the projection onto the null space of AD,, we have

P,=I1-D,AT(AD2AT)'AD,.

From this we see by direct substitution that

(11) ¢ =P.D,c=D,r,
where

r=c—ATw,
and

(12) w=(AD2AT)'AD2c.
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In terms of ¢,, r, and w, we may rewrite T(x) in the following ways:
o,
(13) T(x)=x—-—D,c,
Y
=x-2D%
= x—=D%(c—ATw).
Y

We call r the vector of reduced costs corresponding to x, and w is the vector
of dual variables corresponding to x. To emphasize the dependence of r and w
on x we will occasionally write r(x) and w(x) instead of r and w. We will also
denote the ith element of r(x) by r,(x).

Note that if x is a vertex, then (12) reduces to the usual formula for dual
variables. Namely, w” = c;B™' where B is the submatrix of A consisting of the
basic columns (i.e., columns for which the corresponding components of x are
nonzero) and cg is the vector of the corresponding components of c.

We start by showing that the limit points of the sequence x*, k=0,1,2,...,
belong to the set

(14) S={xeQ:D.r(x)=0}.

Assumptions (2') and (3’) imply that S is the set of vertices of (). Indeed,
assumption (3') implies that r(x) has at most m zeros. But if x is not a vertex,
then it follows from Assumption (2') that x has at most n —m —1 zeros and so
D,r# 0. The fact that every vertex x belongs to S can easily be seen by partitioning
according to the vanishing and nonvanishing components of x and doing simple
black matrix manipulations.

ProrosIiTION 2. lim; o kar(x") =0.

ProoF. Since c¢-x* is monotonically decreasing and bounded below, c- x*
converges. Hence its difference sequence tends to zero:

(15) 0——"1}5&((;-xk_c.xk+1)=’1<i—g}o?”$p(ixk))“§,

where we have written ¢,(x) and y(x) to emphasize the dependence of ¢, and
y on x. Since for any vector y, max; y; < |y|l,, it follows by taking y = &,(x*) that

0= “5 (xk)||2< “Ep(xk)”%
=|é =——

y(x¥)
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Since the right-hand side tends to zero, we see that

lim D,+r(x*) = lim &,(x*) =0. O

k>0 k—>co

We will say that S consists of the points in {) for which complementary slackness
holds. We also need to introduce the set

F={xe: r(x)=0}.
We say that F consists of those points for which dual feasibility holds.
ProposITION 3. If xe SN F, then x is optimal.

This theorem is a standard result from duality theory (see, e.g., [7], p. 51 or
[4], p. 62). We include a proof here as a warm-up for the discussion of stopping
rules in Section 5.

Proor. The fact that xe S allows us to establish the third equality in the
following chain:

cx=c¢'D,1
=D,c-1
=D, A"w-1
=w-AD,1
=w- Ax

=w-b.

Now suppose that z is any point in ). Then, since x € F, we have
c zzATw(xj -z

=w(x) - Az

=w(x) - b.
Combining these two chains we see that

crzzw(x) b=c-x

for any z € ). Hence x is optimal. O
PROPOSITION 4. If the sequence {x*} is convergent, then x™ =1im x* is optimal.

ProoF. - Suppose, to the contrary, that

(16) lim ¢- x*>minc- x.
k>0 Q

By the continuity of #(x) and Proposition 2, we see that

D, ~r(x*)= Ilcim D, (x*)=0
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so that x* € S. By (16) and Proposition 3, it follows that x™ ¢ F, hence there exists
an index i such that r;(x™) <0. Since x* € S, we see that x;° = 0. By the continuity

of r(x), it follows that there exists an integer K such that, for every k=K,
r(x*)<0. From (13) we see that
k+1 __

X = xE — ay () T (xF)Pr(xF).

Since (x¥)2r,(x*) <0, we find that x**' > x¥ > 0 for every k= K, which contradicts
the fact that x*- x¥ =0, O

PROPOSITION 5. The sequence x* is convergent.
q

Proor. OQOur boundedness and nondegeneracy assumptions imply that QN
{x: ¢+ x = const} is compact for any value of const. Hence, the sequence {x*} has
a limit point £ Proposition 2 together with the continuity of r(x) shows that %
belongs to S and hence is a vertex. Let N denote the set of nonbasic indices of
% (i.e., indices of the vanishing components). For 6> 0, let
B5={XGQ: xN<61}
It follows from Assumption (3') that we can fix an ¢ satisfying
0< e <min|r,(%)|.

Since S is a finite set and r(x) is continuous, there is a § >0 such that

Bzgnszx):‘

and

17) m1]51| r(x)|>« forall xe B;.

Substituting (11) into (15), we see that

lim y(x*) 7 [Dyr(x*) =0

and hence
tim ¥(x*) " [xfr(x*)P =0.
Consider the set

C.s={xeBs: ay(x)'xir(x)*< b forallie N}.
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It follows from the continuity of r(x) that xe C, ; for every x € B; sufficiently
close to X. Fix x e C, 5. Since C,; < B;, we see from (17) that

ay(x) 'xir(x)|<8 forall ieN.
Now from (13) it follows that
T(x)=x;—ay(x) 'x?r(x)<28 forall ieN

so that T(C, 5) < Bys.

Now, since £ is a limit point, x* belongs to C.; infinitely often. Suppose at
this point that the sequence x* has two or more limit points. Then the sequence
x* must leave C, s infinitely often. Each time it leaves, it belongs to B,;\C, ;.
Since this set has compact closure, we see that the subsequence of x* belonging
to By;\C, s must have a limit point. But every limit point must belong to S which
is disjoint from the closure of B,;\C, 5. This is a contradication and consequently
there can be only one limit point. |

5. Stopping Rules. In the previous section we described the behavior of the
algorithm as it approaches a limit point. In this section we will analyze in more
detail this behavior in a small neighborhood around a limit point. This information
is used to establish stopping rules for our algorithm.

For y=0, let

S, ={xeQ:D,r=y1}.

We say that points in S, satisfy y-complementary slackness. If x€ S, then
(18) c-x=c-D,1

=D,c-1

=D A"w-1+v1-1

=w-Ax+yn

=w(x) - b+ yn
Let
Fs={xcQ:c=A"w-51}.

We say that points in F; satisfy 8-dual feasibility. If x € F;, then for every ze ()
we have
c-z=A"w(x)-2-681-z
=w(x) -Az—81-z

=w(x)  b—5nz,
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where Z=(1/n)1- z. Therefore,

(19) m&n ¢ z=zw(x)-b—én max z.

Combining (18) and (19) we see that if x€ S, N F; then

(20) c-xsm&nc-z+yn+6nM,
where
M =zmax z
o

If Q is bounded, then M is finite. Note that this assumption is stronger than the
boundedness assumption in the previous section.

For any x€ (), we can measure the degree of complementary slackness and
dual feasibility by putting

y(x) =max x;r;(x)

d(x)= —miin r:(x).

Note that this definition of y agrees with the definition given earlier in formula
(9). We can now formulate an effective stopping rule:

ProprOSITION 6. Fix € > 0. If M is an upper bound on Z, z € ), and if we stop at
the first iteration at which

y(x¥)+8(xYM=<e/n
then

c-x*<minc-z+e.
Q

ProoF. Itis not hard to show that ‘S(xk) =0 and that x* € S, N F5(,*,. Hence
the proposition follows from formula (20). O

To implement this stopping rule, we need a value for M. A conservative
approach would be to choose a very large number. However, it may be better to
choose M dynamically by simply setting M(x)=Xx This makes the precise
inequality in Proposition 6 into an approximate inequality.

From (18) we see that w(x) - b is an estimate of the optimal value of the
objective function. For the rest of this section we show that this tends to be a
better estimate than c- x. For practical purposes, it may be useful to monitor the
duality gap, c¢- x—w- b, together with the degree of dual feasibility, 6(x), and
stop when both are sufficiently small. For the remainder of this section we impose
Assumptions (1)-(3) of the previous section.
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Let x* be the optimal vertex. Let N denote the n—m indices of x* that
correspond to vanishing components and let B denote the remaining m indices.
Using this partition of the indices, we can partition our matrices and vectors as

follows:
A=[B:N], x=[xﬁ], c=[cﬂ].
XN CN

For any x € (1, it follows from Ax = b that x; =B~’(b—~Nxy ). Hence, we can write

(21) c x=cg B 'b+ry: xn,
where
v =CN— (BwlN) TCB-
The optimal vertex x* corresponds to x% =0 and x% =B™'b. Hence we see that
cs- B7'b is the optimal value of the objective function.

We will now derive an expression for w(x) - b that is valid for x in a nelghbor-
hood of x*. Simple block matrix algebra shows that

(22) w(x) - b=(cgD% B"+c D2 N")(BD2,B" +ND%,N")"'b.

For x, sufficiently close to 0, we can expand the inverted expression in a geometric
series to get

(BD3,B"+ND N")™'=(BD3,B")"'~(BD,B") 'ND; N"(BD; B")™"
+o(||xn?).
Substituting this into (22) and simplifying, we get
(23) w(x)-b=cg B 'b—ry- D2 N'(BDZB)"'b+o(|xn|?).

Comparing formulas (21) and (23), we see that there is a neighborhood of x* in
which w(x) - b is closer to ¢- x* than c¢- x is. Note that this neighborhood can
be small if the problem is nearly degenerate.

6. Upper Bound Constraints. The centering scheme may easily be applied to
problems with upper bound constraints x; < u;,. We wish to scale the problem in
the transformed space to reflect how close x; is to either 0 or 4;. Hence, the matrix
D, is now defined such that the ith diagonal element of D, is min(x;, u;—x;).
The direction to move is still D,¢, and the step size is chosen to preserve both
the nonnegativity and upper bound constraints. In summary, the modifications
to the algorithm are

D, =diag(min{x;, u, — x;)),

"Dx~ i'Dx~
y(x) =max(max(e' Cp, - c”)).

x,- u,- - xi
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Results analogous to Propositions 1-5 are proved in a similar fashion for upper
bound constraints. Here, thesets S={xe€ Q: D,r=0}and F={xeQ:S,,,_,r=0},
where S, is the diagonal matrix containing the signs of the components of x,
represent complementary slackness and dual feasiblity, respectively. If xe SN F,
then it is easy to show that x is optimal (cf. Proposition 3) under Assumptions
(1)-(3) of Section 4.

7. Algebraic Comparison with the Simplex Method. There are significant
parallels, and differences, between our algorithm and the simplex method. We
have found the relationship between the two algorithms noteworthy. The parallels
are summarized in Table 1.

Both algorithms calculate reduced costs using the formula r=
c—AT(ADZAT)'AD2c. This is the vector of residuals from the weighted least-
squares solution to the problem of minimizing the function |D,(c—A"w)|, with
respect to w.

Using the reduced costs, both algorithms generate a direction p in which to
move, so that Ap=0. Both algorithms move from x to x+(a/vy)p, where ¥y is
related to the min-ratio test. In the simplex method, @ =1, whereas in our
algorithm 0 < a <1.

Table 1. Comparison between simplex and our algorithm.

Simplex method

Our algorithm

(1) Initial x is a feasible vertex.

Lol a-men
=l o=l a=min

(2} Calculate reduced costs:

r=c—ATw=c—-AT(AD2AT)'AD?¢

-[ O ]
“LacE)

(2a) If r=0, then x is optimal. -

(3) Use r to find a direction, p, in null space of
A that will decrease the objective function:
choose i such that r; <0, and put

I:B“Ae,]
=e— .
P 0

(4) New feasible vertex is

p

Xt e
max(i:x,->0)(pi/xi)

(1) Initial x is a feasible, strictly interior solu-
tion (x>0).

(2} Calculate reduced costs:
=c~ATw

=c~AT(AD2AT)'AD2c.

(2a) No corresponding exact stopping rule. See
Proposition 6 for an e-optimal stopping
rule.

(3) Use r to find a direction, p, in null space
of A that will decrease the objective
function:
p=-D2r.

(4) New feasible, interior, point is
—_—r
max;(p;/x;)

where 0<a <1.
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The main difference lies in how the reduced costs are used to generate a
direction p. The simplex method dismisses some information contained in the
reduced costs, while our algorithm does not. The price paid is that each iteration
of the simpliex method takes order mn computations, while each iteration of our
algorithm takes order m’n computations.

8. Computational Experience. We have coded our algorithm and the revised
simplex method in Pascal. Both algorithms solve the canonical linear program (1).
To get an interior feasible point for our algorithm, the procedure adds a column
to the A matrix as described in Section 2. At each iteration we check to see if
the variable that would become zero by taking a step all the way to the wall (i.e.,
a = 1) is the artificial variable. If it is, we set « =1 and in one step get an interior
feasible point for the original problem. If it is not, then we set a = 0.97.

We have only considered dense problems in our comparisons. For such prob-
lems, perhaps the best algorithm for computing the vector w of dual variables is
the QR algorithm for solving least-squares problems. This is the algorithm we
have implemented. We have borrowed this code from [1] to which we refer the
reader for details.

To get a feasible vertex for the revised simplex method, we add an mXxm
identity matrix to the A matrix and assign ““infinite” cost to each of the m added
variables. In both algorithms we have used 10° for infinity.

We generated random problems as follows. The elements of the constraint
matrix A are independent real values that are uniform on the interval [0, 1). All
random variables were generated using the random procedure in Pascal. Choosing
all elements of A to be nonnegative, guarantees that the problem is bounded.
The elements of the cost vector ¢ were also independent and uniform on [0, 1).
The vector b was generated by putting b = Ax where x is a randomly generated
positive vector. This guarantees that the problem is feasible. For the stopping
rule in our algorithm, we chose & =10"".

To get an idea of how our algorithm will do on larger problems, we generated
137 random problems. The first 100 had m uniform on {1,2,...,30} and n
uniform on {m+1, m+2,...,190}. The last 37 problems had m uniform on
{1,2,...,60} and n uniform on {m+1, m+2,...,90}. We collected the time and
the number of iterations for each problem and for each algorithm. We did a
regression on the logarithm of the time (number of iterations) as a linear function
of the logarithms of m and n. The results are shown in Table 2. The regression
is based on data collected from the computer programs, running on a Tandy 2000
computer. The most important observation is that, for the regression on run time,

Table 2. Performance comparison for dense constraint matrices.

Method Time (minutes) Iterations

Simplex method 0.000119m™ 112209681 0.7159m 232203109
Our algorithm 0.001287m 3602512391 7.3885m 0018701694
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the sum of the exponents in our algorithm is 0.47 less than the analogous sum
for the simplex method. Roughly speaking, this says that to get a relative improve-
ment of a factor of 10 of our algorithm over the simplex method one must increase
m and n by a factor of 100. Two final observations are that the extrapolated
crossover point is sensitive to the shape of the constraint matrix, and typically
lies beyond the range of our data. As examples, if m =1gn, then the extrapolated
crossover point occurs when n = 6250, whereas if m =1n, it is 480. Lastly, these
results may not apply to large sparse problems or problems with special structure.
Further algorithmic work and computational testing is needed before conclusions
regarding the practical impact of Karmarkar’s algorithm can be drawn.
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