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A Little About Me

• PhD from Cornell in Applied Math — focus on Probability

• Worked at Bell Labs — transitioned to Optimization

• Been at Princeton University (Operations Research & Financial Engineering) since 1990

• Here on sabbatical for the full year
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Let’s Focus On Optimization

There are two broad types:

• Well-defined problems needing a very precise solution.

• Vaguely defined problems that address important everyday problems.
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Well-Defined Optimization Problems

Most (virtually all) problems involve optimizing a function subject to constraints on the
variables...

minimize f (x)
subject to gk(x)≤ bk, k = 1, 2, . . . ,m.

Instead of minimizing, the problem could seek to maximize–it’s easy to switch between the
two.

The problem could be infeasible, or unbounded, or have many locally optimal solutions one
or many of which might be optimal.

If the function f (·) and the functions gk(·) are convex, then there are no local optima.

If the functions are all linear, then we can write the problem in simple matrix form:

minimize cTx
subject to Ax≤ b

We say that the problem is in standard form if it is expressed as a maximization problem and
the variables are all nonnegative:

maximize cTx
subject to Ax≤ b

x≥ 0
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Duality Theory – Certificate of Optimality

Here’s a “primal” problem in standard form:

maximize cTx
subject to Ax≤ b

x≥ 0

This is it’s “dual”:
minimize bTy
subject to ATy≥ c

y≥ 0

Writing the dual in standard form, we see that it’s the negative transpose of the primal
problem:

maximize −bTy
subject to −ATy≤ −c

y≥ 0

Written this way we see it is the negative transpose of the primal.

Theorem: The dual of the dual is the primal.
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Weak and Strong Duality Theorems

Weak Duality Theorem: If x is feasible for the primal problem and y is feasible for the
dual problem, then cTx ≤ bTy.

Strong Duality Theorem: At optimality cTx = bTy.

Certificate of Optimality

Fix a small positive error tolerance: ε.

If x is primal feasible and y is dual feasible and bTy − cTx ≤ ε, then the current solution is
within ε of the optimal solution.
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Types of Algorithms

Black Box: Assumes the existence of code that takes x as input and produces f (x) and
each of the gk(x)’s as output.

• Easy to understand.

• Easy to implement.

• No certificate of optimality.

First Order: Efficient algorithms for linear optimization problems make explicit use of the
vector c and the matrix A.

• Exploiting sparsity can result in very fast implementations.

• And, we get a certificate of optimality.

Second Order: The first order algorithms when adapted to nonlinear optimization prob-
lems require knowledge of the matrices of second derivatives:

∂2f (x)

∂xi∂xj

and
∂2gk(x)

∂xi∂xj
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First/Second Order Algorithms

Simplex Methods

• Exponential in the worst case.

• On average, competitive with the best algorithms.

Interior Point Methods

• Polynomial in the worst case: n3.5

• Even better on average: n3 log(n)
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Sparsity Matters

A few years ago, I solved a generalized network flow problem using ampl/loqo. It has
195,503 variables and 123,571 constraints. The problem solved in 3.9 seconds on my laptop
computer.

For comparison, I solved a dense problem with 1/100-th as many variables and 1/100-th as
many constraints... It took 59 seconds to solve.

PS. The optimization problem mentioned above was formulated to help the dynamic operation
of the telescope used for the Subaru Prime Focus Spectrograph (PFS). This work was a
collaboration with:

• Maximilian Fabricius

• Robert Lupton (the Good)

• Jim Gunn

• Naoyuki Tamura

• Martin Reinecke
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An Example - Optical Character Recognition
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Optical Character Recognition

maximize 1
N−1

∑
i:i6=i0

∑
k

εi,k +
∑
k

εi0,k

subject to εi,k =



n2∑
j=1

αjxi,k,j + β, i = i0

−
n2∑
j=1

αjxi,k,j − β, i 6= i0

−1 ≤ αj ≤ 1

The training data is given by xi,k,j where i denotes the N = 27 letters of the alphabet, k
denotes the instance within the training set, and j represents a pixel in the training image
data.

The variables are the greek letters.
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Here’s Javascript Encoding
ka[0] = 0;
jj = 0;
kk = 0;
for ( l=0; l<nletters; l++ ) {
if (l == letter) {pm1 = -1;} else {pm1 = 1;}
for ( j=0; j<nexamples; j++ ) {
ia[kk] = l*nexamples+ j ; a[kk]= -pm1; kk++;
jj++; ka[jj] = kk;
ia[kk] = l*nexamples+ j ; a[kk]= pm1; kk++;
jj++; ka[jj] = kk;
}

}
for ( j=0; j<npixels; j++ ) {
for ( k=0; k<npixels; k++ ) {
for ( l=0; l<nletters; l++ ) {
for ( i=0; i<nexamples; i++ ) {
ia[kk] = l*nexamples+i; a[kk] = A[l][i][j][k]; kk++;
}

}
ia[kk] = nletters*nexamples + j*npixels+k ;
a[kk]= 1; kk++;
jj++; ka[jj] = kk;

}
}
for ( j=0; j<npixels; j++ ) {
for ( k=0; k<npixels; k++ ) {
for ( l=0; l<nletters; l++ ) {
for ( i=0; i<nexamples; i++ ) {
ia[kk] = l*nexamples+i; a[kk] = -A[l][i][j][k]; kk++;
}

}
ia[kk] = nletters*nexamples+npixels*npixels+j*npixels+k;
a[kk]= 1; kk++;
jj++; ka[jj] = kk;

}
}

for ( i=0; i<nletters*nexamples; i++ ) {

ia[kk] = i; a[kk] = -1; kk++;
}
jj++; ka[jj] = kk;

for ( i=0; i<nletters*nexamples; i++ ) {
ia[kk] = i; a[kk] = 1; kk++;

}
jj++; ka[jj] = kk;

for ( j=0; j<npixels; j++ ) {
for ( k=0; k<npixels; k++ ) {
ia[kk] = nletters*nexamples + j*npixels+k; a[kk]= 1; kk++;
jj++; ka[jj] = kk;
}

}
for ( j=0; j<npixels; j++ ) {
for ( k=0; k<npixels; k++ ) {
ia[kk] = nletters*nexamples+npixels*npixels+j*npixels+k;
a[kk]= 1; kk++;
jj++; ka[jj] = kk;
}

}
for ( l=0; l<nletters; l++ ) {
for ( j=0; j<nexamples; j++ ) {

rhs[l*nexamples + j] = 0;
}

}
for ( i=nletters*nexamples; i<m; i++ ) {

rhs[i] = 1;
}
for (j=0; j<n; j++) obj[j] = 0;
for ( l=0; l<nletters; l++ ) {
if (l==letter) {cval = -1;} else {cval = -1./(nletters-1);}
for ( j=0; j<nexamples; j++ ) {
obj[2*l*nexamples+2*j ] = -cval;
obj[2*l*nexamples+2*j+1] = cval;
}
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Here’s the AMPL Encoding

param m := 6; # size of training set
param n := 12; # size of images (nxn)

param N := 27; # number of letters in alphabet

param x {1..N, 1..m, 1..n^2};

param i0;

var alph {1..n^2};

var bet;

var eps {1..N, 1..m};

maximize push:

(1/(N-1))*sum {i in 1..N, k in 1..m: i != i0} eps[ i,k]

+ sum { k in 1..m } eps[i0,k] ;

subject to eps_def1 {k in 1..m}:

eps[i0,k] = sum {j in 1..n^2} alph[j]*x[i0,k,j] + bet ;

subject to eps_def2 {i in 1..N, k in 1..m : i != i0}:

-eps[i,k] = sum {j in 1..n^2} alph[j]*x[ i,k,j] + bet ;

subject to normalized {j in 1..n^2}: -1 <= alph[j] <= 1;
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Direct Imaging of Exoplanets
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Why Earthlike in Habitable Zone is Hard

• Bright Star/Faint Planet: In vis-
ible light, our Sun is 1010 times
brighter than Earth. That’s 25
mags.

• Close to Each Other: A planet
at 1 AU from a star at 10
parsecs can appear at most 0.1
arcseconds in separation.

• Far from Us: There are less than
100 Sun-like stars within 10 par-
secs.
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Can Ground-Based Telescopes Do It?

• Atmospheric distortion limits resolution to about 1 arcsec.
Note: Resolution refers to equally bright objects.
We also need high contrast. That’s much more difficult.

• Segmented optics limits contrast

• Current adaptive optics not good enough

No they can’t (at least not yet)!
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Can Hubble Do It?

No it can’t!

The problem is diffraction

Would have to be 1000× bigger (in each dimension!)
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Telescope 6× Bigger Telescope
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Telescope w/ Unobstructed Aperture

Doesn’t Work! Requires an aperture measured in kilometers to mitigate diffraction effects.
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Two Classes of Solutions

• Internal Coronagraphs

• External Occulters
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Two Classes of Solutions

• Internal Coronagraphs
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Types of Coronagraphs (TPF-C)

• Hybrid Lyot

• Apodized Pupils

• Shaped Pupils

• Pupil Mapping (PIAA)

• Vector Vortex

• Phase Masks

• Visible Nuller

• Hybrids
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Apodized Pupil Coronagraph

Diffraction Control via Tinting the Pupil

The sharp edge of the telescope’s “mirror” causes the bright diffraction rings.

Solution: Use tinted glass to ease the transition from transparent to opaque.
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Some of the Math

The image-plane electric field E() produced by an on-axis plane wave (i.e., starlight) and
an apodized (i.e., tinted) aperture defined by an apodization function A() is given by the
Fourier transform:

E(ξ, ζ) =

∫∫
e2πi(xξ+yζ)A(x, y)dydx

...

E(ρ) = 2π

∫ 1/2

0

J0(2πrρ)A(r)rdr,

where J0 denotes the 0-th order Bessel function of the first kind.

NOTE: The electric field depends linearly on the apodization function.

The intensity is the square of the electric field.

The unitless pupil-plane “length” r is given as a multiple of the aperture D.

The unitless image-plane “length” ρ is given as a multiple of focal-length times wavelength
over aperture (fλ/D) or, equivalently, as an angular measure on the sky, in which case it is
a multiple of just λ/D. (Example: λ = 0.5µm and D = 10m implies λ/D = 10mas.)
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Optimization

Find apodization function A() that solves:

maximize

∫ 1/2

0

A(r)2πrdr

subject to −10−5E(0) ≤ E(ρ) ≤ 10−5E(0), ρiwa ≤ ρ ≤ ρowa,

E(ρ) = 2π

∫ 1/2

0

J0(2πrρ)A(r)rdr,

0 ≤ A(r) ≤ 1, 0 ≤ r ≤ 1/2,

−50 ≤A′′(r)≤ 50, 0 ≤ r ≤ 1/2

An infinite dimensional linear programming problem.
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Pupil with “Optimal” Tinting

Mirror with Softened Edge
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Mathematically Perfect... But Unmanufacturable!
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The Spergel-Kasdin-Vanderbei Pupil
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Shaped Pupil Coronagraph
20 Petal mask

Image plane (20 petals) Image plane (150 petals)

Still excellent, but still unmanufacturable.
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High-Contrast Imaging

One approach to the high-contrast imaging problem is to maximize light through an apodized
circular aperture subject to the constraint that virtually no light reaches a certain dark zone
D in the image plane:

maximize

∫∫
©

f (x, y)dxdy
(

= f̂ (0, 0)
)

subject to
∣∣∣f̂ (ξ, η)

∣∣∣≤ ε f̂ (0, 0), (ξ, η) ∈ D,

0 ≤ f (x, y) ≤ 1, (x, y) ∈ ©.

Here, ε is a small positive constant (on the order of 10−5).

The Fourier transform, f̂ (ξ, η) =
∫∫
e2πxξif (x, y)e2πyηidxdy, is 2D and complex valued.

As formulated, this optimization problem has a linear objective function and both linear and
second-order cone constraints.

Hence, a discrete approximation can be solved to a global optimum.
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A Misconception

The Fourier transform is well understood. The best algorithm for computing it is the
fast Fourier transform. Excellent codes are available, such as fftw. Just call one of
these state-of-the-art codes. There is nothing new to be done here.

Wrong! Efficient algorithms for linear programming require more than an oracle
that computes constraint function values. They also need gradients. To work
with the full Jacobian matrix of the Fourier transform is to loose all of the com-
putational efficiency of the fast Fourier transform.
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Exploiting Symmetry—Let’s Get Real

Assuming that the apodization can be symmetric with respect to reflection about both axes,
i.e., f (x, y) = f (−x, y) = f (x,−y) = f (−x,−y), the Fourier transform can be written as

f̂ (ξ, η) = 4

∫ 1

0

∫ 1

0

cos(2πxξ) cos(2πyη)f (x, y)dxdy.

In this case, the Fourier transform is real and so the second-order-cone constraints can be
replaced with pairs of inequalities,

− ε f̂ (0, 0) ≤ f̂ (ξ, η) ≤ ε f̂ (0, 0), (ξ, η) ∈ D,

making the problem an infinite dimensional linear programming problem.

Curse of Dimensionality: Number of variables and constraints =∞
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Exploiting Symmetry—Let’s Get Real

Assuming that the apodization can be symmetric with respect to reflection about both axes,
i.e., f (x, y) = f (−x, y) = f (x,−y) = f (−x,−y), the Fourier transform can be written as

f̂ (ξ, η) = 4

∫ 1

0

∫ 1

0

cos(2πxξ) cos(2πyη)f (x, y)dxdy.

In this case, the Fourier transform is real and so the second-order-cone constraints can be
replaced with pairs of inequalities,

− ε f̂ (0, 0) ≤ f̂ (ξ, η) ≤ ε f̂ (0, 0), (ξ, η) ∈ D,

making the problem an infinite dimensional linear programming problem.

Curse of Dimensionality: No! It’s because d = 2 and ∞2�∞1.
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Discretization

Consider a two-dimensional Fourier transform

f̂ (ξ, η) = 4

∫ 1

0

∫ 1

0

cos(2πxξ) cos(2πyη)f (x, y)dxdy.

Its discrete approximation can be computed as

f̂j1,j2 = 4
n−1∑
k2=0

n−1∑
k1=0

cos(2πxk1ξj1) cos(2πyk2ηj2)fk1,k2∆x∆y, 0 ≤ j1, j2 < m,

where
xk = (k + 1/2)∆x, 0 ≤ k < n,

yk = (k + 1/2)∆y, 0 ≤ k < n,

ξj = j∆ξ, 0 ≤ j < m,

ηj = j∆η, 0 ≤ j < m,

fk1,k2 = f (xk1, yk2), 0 ≤ k1, k2 ≤ n,

f̂j1,j2 ≈ f̂ (ξj1, ηj2), 0 ≤ j1, j2 < m.

Complexity: m2n2. 33



A Trivial (but Smart!) Idea

The obvious brute force calculation requires m2n2 operations.

However, we can “factor” the double sum into a nested pair of sums.

Introducing new variables to represent the inner sum, we get:

gj1,k2 = 2
n−1∑
k1=0

cos(2πxk1ξj1)fk1,k2∆x, 0 ≤ j1 < m, 0 ≤ k2 < n,

f̂j1,j2 = 2
n−1∑
k2=0

cos(2πyk2ηj2)gj1,k2∆y, 0 ≤ j1, j2 < m,

Formulated this way, the calculation requires only mn2 + m2n operations.

This trick is exactly the same idea that underlies the fast Fourier Transform.
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Brute Force vs Clever Approach

On the following page two formulations of this problem in ampl are shown.

On the left is the version expressed in the straightforward one-step manner.

On the right is the ampl model for the same problem but with the Fourier transform
expressed as a pair of transforms—let’s call this the two-step process.

The dark zone D is a pair of sectors of an annulus with inner radius 4 and outer radius 20.

Except for different discretizations, the two models produce the same result.
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Optimal Solution

Apodization Image of Star Log Rescaling

f (x, y)
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Left. The optimal apodization found by either of the models shown on previous slide.

Center. Plot of the star’s image (using a linear stretch).

Right. Logarithmic plot of the star’s image (black = 10−12).

Note:

• The “apodization” turns out to be purely opaque and transparent (i.e., a mask).
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Bright Star, Dim Planet

Planet is 10−8 times as bright as the star.
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Close Up

Brute force with n = 150
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Summary Problem Stats

Comparison between a few sizes of the one-step and two-step models.

Problem-specific stats.

Model n m constraints variables nonzeros arith. ops.
One step 150 35 976 17,672 17,247,872 17,196,541,336
One step 250 35 * * * *
Two step 150 35 7,672 24,368 839,240 3,972,909,664
Two step 500 35 20,272 215,660 7,738,352 11,854,305,444
Two step 1000 35 38,272 822,715 29,610,332 23,532,807,719

Hardware/Solution-specific performance comparison data.

Model n m iterations primal objective dual objective cpu time (sec)
One step 150 35 54 0.05374227247 0.05374228041 1380
One step 250 35 * * * *
Two step 150 35 185 0.05374233071 0.05374236091 1064
Two step 500 35 187 0.05395622255 0.05395623990 4922
Two step 1000 35 444 0.05394366337 0.05394369256 26060
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WFIRST Space Telescope
Repurposed NRO Spy Satellite

Similar to Hubble.
Aperture: 2.4 meters.
Central Obstruction and Spiders.
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Two Classes of Solutions

• Internal Coronagraphs

• External Occulters
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Occulter—Simple Ray Optics Description

The fundamental size and separation for a starshade are LARGE.
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Siméon Poisson/Francois Arago (1818)

Poisson didn’t believe the wave theory of light.
He pointed out that light falling on a circular object
would have a bright spot at the center of its shadow.

Arago did the experiment.

Poisson was wrong.

Poisson’s spot Arcturus defocused
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A Fun Experiment
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Plain External Occulter (Doesn’t Work!)
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Babinet’s Principle
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Shaped Occulter
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Space-based Occulter (TPF-O)

Telescope Aperture: 4m, Occulter Diameter: 50m, Occulter Distance: 72, 000km
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Starshade Stowage and Deployment
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A Real Petal...
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Which Space-Based Observatory Seems Easiest To
Build...

Coronagraph. A four to eight meter off-axis telescope with built-in diffraction con-
trol scheme and active adaptive optics to maintain unprecedented wavefront quality
(1/10, 000-th wave) over the course of very long exposures (light throughput of the
diffraction control system is only about 10%).

Occulter. A four meter diffraction limited telescope and a specially configured 50 meter
tip-to-tip occulter “flying” 72, 000 km in front of the telescope with station-keeping to
within a ±1 meter tolerance over the course of a multihour exposure.

REMINDER: We landed humans on the moon and brought them safely home again.
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