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Celestial Mechanics

The N-Body Problem



Given: n bodies.

Let:

m; denote the mass and
z;(t) denote the position in R? = C of body j at time ¢.

Action Functional:
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Critical points satisfy equations of motion.

Minimize!



First Variation:
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Setting first variation to zero, we get:
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Note: If m; = 0 for some j, then the first order optimality condition reduces to 0 = 0, which
is the equation of motion for a massless body.



We assume solutions can be expressed in the form

Writing with components z;(t) = (z;(t),y;(t)) and v = (o, Gk),

we get

z(t) = ap+ Z a;, cos(kt) + aj sin(kt))

y(t) = by + Z (b5 cos(kt) + by sin(kt))

where

ot [r— o
ap = O, G- =G, g=——0 =

bo = Do, b Ghtb, b, = o, — a_y.

The variables ay, af, a;, by, b}, and b; are the decision variables in the optimization model.



param N := 3; # number of masses

param m := 100; # number of terms in numerical approx to integral
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= if (j<m-1) then (x[i,j+1]-x[i,jl)*m/(2xpi) else (x[i,0]-x[i,m-1])x*m/(2*pi);
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= if (j<m-1) then (y[i,j+1]-yl[i,jl)*m/(2*pi) else (y[i,0]-yl[i,m-1])x*m/(2%pi);

var Kinetic 1§ in 07 m-1F="0 b%=sum {3 in Oz N1} (xdotli 312 ¥ ydotii 1 2);
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minimize Action: (2*pi/m)*sum {j in O0..m-1} (Kinetic[j] - Potentiallj]);



param N := 3; # number of masses
param n := 15; # number of terms in Fourier series representation

param m := 100; # number of terms in numerical approx to integral

param theta {j in 0..m-1} := j*2*pi/m;
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var as {i in 0..N-1, k in 1..n} :=0; var bs {i in 0. .N=1, k in 1..n} := 0;
Varsac nemnsOieeN=l— ki anaifeenF—=10: Var: Dot wim=0= Nelsskemin= 1= sn)=ii==0:=
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= a0[i]+sum {k in 1..n} ( as[i,k]*sin(k*thetal[j]) + ac[i,k]*cos(k*thetaljl) );
par=v Hoap 0T = TR0 T

= bO[il+sum {k in 1..n} ( bs[i,k]*sin(k*thetal[j]) + bc[i,k]*cos(k*thetaljl) );
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= if (j<m-1) then (x[i,j+1]-x[i,jl)*m/(2xpi) else (x[i,0]-x[i,m-1])x*m/(2*pi);
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= if (j<m-1) then (y[i,j+1]-yl[i,jl)*m/(2*pi) else (y[i,0]-yl[i,m-1])x*m/(2%pi);
var Kinetic 1§ in 07 m-1F="0 b%=sum {3 in Oz N1} (xdotli 312 ¥ ydotii 1 2);

yar Potentaal i im0i=m 1} = —oum{s in @ 2N=1 93 g 0=l-dr ji>i}
ttsgre CCelisgl=xlii D2+ Ay Fl=y ki g 23

minimize Action: (2*pi/m)*sum {j in O0..m-1} (Kinetic[j] - Potentiallj]);
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solve;
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1% (Uniform01()-0.5);
1% (Uniform01()-0.5);
0.01*(Uniform01()-0.5);
0.01*%(Uniform01()-0.5);



The previous AMPL model was used to find many (a la Moore and Mont-
gomery/Chencinier) in the equimass n-body problem and the stable solution to the
3-body problem.

http://www.princeton.edu/~rvdb/JAVA/astro/galaxy/Galaxy0.html


http://www.princeton.edu/~rvdb/JAVA/astro/galaxy/Galaxy0.html

10

g
L ]
L
r
-
Mass of Body 2

10 -
g9
8
7
g
5
4
3tk
2
1
0

€ Apog jo ssep




For simplicity, in this section we assume that all masses are equal to one.

(2*(t), 2*(t)) be a particular solution to

§ = A(¢)
where
it o m s Rt s Jomm s el
and
a0
and

Eet=to—



Consider a nearby solution &(%):

E(t) = A(E(t)
A(E" (1)) + A€ (1)) (E(t) — £7(2))
)

Sl B
Put AE =& — &*. Then A¢ = A'(E*(t))AE. A finite difference approximation yields

8l

AL(t+h) = AL(t) +hA(E"(2)AL()

(1 +hA(£(1) AL(D).

lterating around one period, we get:
e b (H s hA/(é*(ti)))) Ag(0),
i=0

where h = T'/n and t; = iT /n.
Orbit is if no eigenvalue lies outside the unit circle in the complex plane.



Orbit Name

Largest Eigenvalue

Lagrange3
OrthQuasiEllipse4
Rosette4

Braid4

Trefoild
FigureElght4
Folded TriLoop4
PlateSaucer4
BorderCollie4
Trefoil5
FigureEightb

85.0
18.3

17
678.6
41,306.0
166.9
74,895.0
3,660.0
188.4
191,300,000.0
2,200.0

Orbit Name

Largest Eigenvalue

Lagrange?2
FigureEight3
Ducati3

Hilts=3

Hill15
DoubleDoubleb
DoubleDoublel0
DoubleDouble20

1.0001
1.0008
1.0003
1.0104
1.5906
12.2980
1.4040
1.8900



