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Lasso Regression

The problem is to solve a sparsity-encouraging “regularized” regression problem:

minimize ||Az — b||5 + A||z||,

My gut reaction:

Replace /east squares (LS) with least absolute deviations (LAD).

LAD is to LS as median is to mean. Median is a more robust statistic.
The LAD version can be recast as a linear programming (LP) problem.

If the solution is expected to be sparse, then the simplex method can be expected to solve
the problem very quickly.

No one knows the “correct” value of the parameter A. The parametric simplex method can
solve the problem for all values of A from A = oo to a small value of A in the same (fast)
time it takes the standard simplex method to solve the problem for one choice of .

The parametric simplex method can be stopped when the desired sparsity level is attained.
No need to guess/search-for the correct value of A.



Linear Programming Formulation

The least absolute deviations variant is given by

minimize ||Axz — bl|; + Al|z]|:

It is easy to reformulate this problem as a linear programming problem:
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The Simplex Method

We start by introducing slack variables:

minimize 1Te + X176
subjectto —Ax — ¢ + s = —b
Ar — ¢ + t = b
—x — 0 + u = 0
x — 0 + v = 0
s, t, u, v > 0

We must identify a partition of the set of all variables into basic and nonbasic variables.

If Ais an m X n matrix, then there are 2m + 2n equality constraints in 3m + 4n variables.
The variables, x, £, and ¢ can be regarded as free variables.

In the simplex method, free variables are always basic variables.

Let P denote the set of indices i for which b; > 0 and let A/ denote those for which b; < 0.



Dictionary Form

Writing the equations with the nonbasic variables defining the basic ones, we get:

minimize bp = 1Ty [+ 1Tsp + 1Tty — 4(p—n)u + 5(p—n)v
+ A %u + A %U
subject to ep = bp +  sp - Pu +  SPv
Sy = —2by + ty + Nu — Nv
tp = 2b73 + Sp — Pu + Pv
EN = —by + ty + %NU — %NU
L = 0 + %u — %U
0 0 + %u + %v
where



Dictionary Form

Writing the equations with the nonbasic variables defining the basic ones, we get:

minimize 17bp — 1Moy |+ 1Tsp + 1Tty — Lp—n)u + 3(p—nv
+ A %u + A %v
subject to
Sy = —2by + ty  + Nu — Nv
tp = 2bp + Sp — Pu + Pv
where



Parametric Simplex Method

A dictionary solution is obtained by setting the nonbasic variables to zero and reading off the
values of the basic variables from the dictionary.

The dictionary solution on the previous slide is feasible.

|t is optimal provided the coefficients of the variables in the objective function are nonnegative:

1 >0,

This simplifies to

A > max(p; — n;)
J

The specific index defining this max sets the lower bound on A and identifies the entering
variable for the parametric simplex method.

The leaving variable is determined in the usual way.
A simplex pivot is performed.

A new range of A values is determined (the lower bound from before becomes the upper
bound).

The process is repeated.



Random Example

A matrix A with m = 3000 observations and n = 200 was generated randomly.

The linear programming problem has 6400 constraints, 9800 variables, and 1213200 nonzeros
in the constraint matrix.

A simple C implementation of the algorithm finds a solution with 6 nonzero regression coef-
ficients in just 44 simplex pivots (7.8 seconds).

This compares favorably with the 5321 pivots (168.5 seconds) to solve the problem all the
way to A = 0.

A speedup by a factor of 21.6.



“Real-World” Example

A regression model from my Local Warming studies with m = 2899 observations and n =
106 regression coefficients of which only 4 are deemed relevant (linear trend plus seasonal
changes).

The linear programming problem has 6010 constraints, 9121 variables, and 626820 nonzeros
in the constraint matrix.

My implementation finds a solution with 4 nonzero regression coefficients in 1871 iterations
(37.0 seconds).

This compares favorably with the 4774 iterations (108.2 seconds) to solve the problem to
A=0.

But, why so many iterations just to get just a few nonzeros?



A Simple Median Example

To answer the question, consider the simplest example where n =1 and A = e.

In this case, the problem is simply a lasso variant of a median computation...

mxinz |z — b;] + A|z|.

Clearly, if A\ is a positive integer, then this Lasso problem is equivalent to computing the
median of the original numbers, by, b, ..., b,,, augmented with \ zeros, 0,0,0,...,0.

Best case scenario: the median of the b;'s is close to zero. For example, suppose the median
is positive but the next smaller b; is negative. Then, just need to add one or two zeros to
make the median exactly zero. And, after one simplex iteration, we will arrive at the true
median.

Worst case scenario: all of the b;'s have the same sign. Suppose they are all positive. Then
we have to add m+1 zeros to make the lasso’ed median zero. The first iteration will produce
a single nonzero: the minimum of the b;’s. That's a terrible estimate of the median! Each
subsequent simplex pivot produces the next larger b; until, after m /2 pivots, the true median
is found.



Traditional (Least Squares) Lasso

Consider the least squares variant of the previous example:

1
min 5 Z(x —b)* + A|z|.

X

2

Set the derivative of the objective function to zero:

80

f'(@) = ma = b+ A sgn(z) = 0. o

40

Without loss of generality, suppose that >, b; > 0. ol
We see that the Lasso solution is zero for

A>D b

—40

df/dx
o

For 0 < A < 37, b;, the solution is o

_80 . . . . . . . . .
E b_)\ 1 0 1 2 3 4 5 6 7 8 9 10
7 71 X
r = —-—-.
m

So, as with LAD-Lasso, depending on the choice of A we can get anything between 0 and
the sample mean & =Y, b;/m.



(Unexpected) Conclusion

The parametric simplex method for the LAD-Lasso problem can generate sparse solutions in
a very small number of pivots.

With the parametric simplex method there is no need to guess/search for the value of \ that
gives a desired regressant sparsity.

When the number of pivots is small, one can expect the result to be good.
But, LAD-Lasso regression can also sometimes produce terrible results.
The same is true for traditional Lasso regression.

Final word of caution: wunits matter! When introducing a norm that involves a sum of terms,
it is important that each term have the same units.
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