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1 Tennis Racket Problem Modeled Using Rotation Matrices

Let’s consider three point masses rotating in 3D space. Let

pj(t) =

 xj(t)
yj(t)
zj(t)

 , j = −1, 0, 1, t ≥ 0.
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denote the positions of the three masses as a function of time t. We assume that the initial positions of the three bodies are

p−1(0) =

 −a
−b
0

 , p0(0) =

 0
2b
0

 , p1(0) =

 a
−b
0

 (1)

and their initial velocities are:

ṗ−1(0) =

 0
0

v − ε

 , ṗ0(0) =

 0
0

−2v

 , ṗ1(0) =

 0
0

v + ε

 (2)

To describe the rotational motion, we need to introduce rotation matrices about each of the three coordinate axes:

Rx(φ) =

 1 0 0
0 cosφ − sinφ
0 sinφ cosφ

 , Ry(ψ) =

 cosψ 0 sinψ
0 1 0

− sinψ 0 cosψ

 , Rz(θ) =

 cos θ − sin θ 0
sin θ cos θ 0
0 0 1

 .
We will also need the first and second derivatives of these matrices. Here are the first derivatives:

dRx

dφ
=

 0 0 0
0 − sinφ − cosφ
0 cosφ − sinφ

 , dRy

dψ
=

 − sinψ 0 cosψ
0 0 0

− cosψ 0 − sinψ

 , dRz

dθ
=

 − sin θ − cos θ 0
cos θ − sin θ 0
0 0 0

 ,
It’s easy to see that

dRx

dφ
(φ) = Px Rx(φ+ π/2),

dRy

dψ
(ψ) = Py Ry(ψ + π/2),

dRz

dθ
(θ) = Pz Rz(θ + π/2)

where Px, Py , and Pz denote the projections onto the planes perpendicular to the x, y, and z axes, respectively:

Px =

 0 0 0
0 1 0
0 0 1

 , Py =

 1 0 0
0 0 0
0 0 1

 , Pz =

 1 0 0
0 1 0
0 0 0

 ,
Here are the second derivatives:

d2Rx

dφ2
(φ) = Px Rx(φ+ π),

d2Ry

dψ2
(ψ) = Py Ry(ψ + π),

d2Rz

dθ2
(θ) = Pz Rz(θ + π).

Recalling that φ, ψ, and θ are functions of time, we can write the temporal derivatives:

d

dt
Rx(φ) = Px Rx(φ+ π/2) φ̇,

d2

dt2
Rx(φ) = Px Rx(φ+ π/2) φ̈+ Px Rx(φ+ π) φ̇2

d

dt
Ry(ψ) = Py Ry(ψ + π/2) ψ̇,

d2

dt2
Ry(ψ) = Py Ry(ψ + π/2) ψ̈ + Py Ry(ψ + π) ψ̇2

d

dt
Rz(θ) = Pz Rz(θ + π/2) θ̇,

d2

dt2
Rz(θ) = Pz Rz(θ + π/2) θ̈ + Pz Rz(θ + π) θ̇2

2



We are interested in a dynamic of the form

pj(t) = Rx(φ(t)) Ry(ψ(t)) Rz(θ(t)) pj(0), j = −1, 0, 1.

Since the product of the three rotation matrices is a general rotation in 3D space, we will denote this product simply as R(t).
So, when convenient, we can simply write

pj(t) = R(t) pj(0), j = −1, 0, 1.

It is easy to see that the center of mass remains fixed over time at the origin of our vector space:∑
j

pj(t) = R(t)
∑
j

pj(0) = 0.

In order to satisfy our initial positional conditions, we need to have Rx(φ(0))Ry(ψ(0))Rz(θ(0)) equal to the identity matrix.
From this it follows that

φ(0) = 0, ψ(0) = 0, and θ(0) = 0.

The formula for the velocity as a function of time is easy to calculate:

dpj
dt

= Ṙpj(0)

=
d

dt
(Rx(φ) Ry(ψ) Rz(θ)) pj(0)

=

(
dRx

dφ
(φ) Ry(ψ) Rz(θ) φ̇+Rx(φ)

dRy

dψ
(ψ) Rz(θ) ψ̇ +Rx(φ) Ry(ψ)

dRz

dθ
(θ) θ̇

)
pj(0)

=
(
Px Rx(φ+ π/2) Ry(ψ) Rz(θ) φ̇+Rx(φ) Py Ry(ψ + π/2) Rz(θ) ψ̇ +Rx(φ) Ry(ψ) Pz Rz(θ + π/2) θ̇

)
pj(0).

Note that we will often use the dot-over-the-function notation to denote derivatives with respect to time t. At t = 0, we get

ṗj(0) =
(
Px Rx(π/2) Ry(0) Rz(0) φ̇+Rx(0) Py Ry(π/2) Rz(0) ψ̇ +Rx(0) Ry(0) Pz Rz(π/2) θ̇

)
pj(0)

=
(
Px Rx(π/2) φ̇+ Py Ry(π/2) ψ̇ + Pz Rz(π/2) θ̇

)
pj(0)

=

 0 −θ̇(0) ψ̇(0)

θ̇(0) 0 −φ̇(0)
−ψ̇(0) φ̇(0) 0

 pj(0).
Now we can derive a formula for the initial values of the derivatives of φ, ψ, and θ. Looking at body j = −1, we see that 0

0
v − ε

 =

 0 −θ̇(0) ψ̇(0)

θ̇(0) 0 −φ̇(0)
−ψ̇(0) φ̇(0) 0

 −a
−b
0

 .
From the first two equations (individually), we see that

θ̇(0) = 0
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and from the third equation we see that
v − ε = aψ̇(0)− bφ̇(0).

Doing a similar analysis at body j = 1, we get that

v + ε = −aψ̇(0)− bφ̇(0).

From these last two equations, we can solve for φ̇(0) and ψ̇(0):

φ̇(0) = −v
b

ψ̇(0) = − ε
a
.

Now, let’s take a look at the second derivative, i.e., the acceleration:

d2pj
dt2

= R̈pj(0)

=
( (

Px Rx(φ+ π/2) φ̈+ Px Rx(φ+ π) φ̇2
)
Ry(ψ) Rz(θ)

+ Rx(φ)
(
Py Ry(ψ + π/2) ψ̈ + Py Ry(ψ + π) ψ̇2

)
Rz(θ)

+ Rx(φ) Ry(ψ)
(
Pz Rz(θ + π/2) θ̈ + Pz Rz(θ + π) θ̇2

)
+ 2Px Rx(φ+ π/2) Py Ry(ψ + π/2) Rz(θ) φ̇ ψ̇

+ 2Px Rx(φ+ π/2) Ry(ψ) Pz Rz(θ + π/2) φ̇ θ̇

+ 2 Rx(φ) Py Ry(ψ + π/2) Pz Rz(θ + π/2) ψ̇ θ̇
)
pj(0).

It is easy to see that the total force remains zero at all times:∑
j

p̈j =
∑
j

R̈pj(0) = R̈
∑
j

pj(0) = 0.

So far we have shown that regardless of the specific formulas for the rotation angles φ(t), ψ(t), and θ(t), the center of mass
remains fixed at the origin and the total force remains zero. But, an arbitrary set of rotation angles will in general not be
physically possible. The reason is that the system encounters zero torque and this condition imposes restrictions on the temporal
evolution of the angles. Let’s now derive formulas for the torque. Torque is associated with rotation about an axis. Given that
we are in 3D, there are three independent torques to consider. The axes could be the x, y, and z axes but they don’t have to be.
It turns out to be easier to take the time zero x, y, and z axes and rotate those vectors into their orientation at time t and use new
three vectors to compute the three torques at time t. Since a rotation can be thought of as a change of coordinate system, it’s
actually easier to imagine rotating vectors at time t back to where those vectors would have been at time 0 and then compute
the three torques along the x, y, and z axes. So, we map the position vectors pj(t) back to where they were at time zero

R(t)−1pj(t) = pj(0)

and we map the time t force, aka acceleration, vectors back to where they would have been at time zero

R(t)−1p̈j(t) = R(t)−1R̈(t)pj(0).
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Now, to compute the torque on body j about the x-axis in this coordinate system, we need to project the force vector onto
the plane perpendicular to the x-axis, aka the (y, z)-plane, rotate it 90 degrees, and then take the inner product between that
projected/rotated force vector and the position vector. The total torque is the sum of all bodies of the torques on each individual
body. Here’s the formula for that:

τx =
∑
j

pj(0)
TRx(π/2)PxR(t)

−1R̈(t)pj(0)

=
∑
j

pj(0)
TRx(π/2)PxRz(−θ)Ry(−ψ)Rx(−φ)

(
(
Px Rx(φ+ π/2) φ̈+ Px Rx(φ+ π) φ̇2

)
Ry(ψ) Rz(θ)

+ Rx(φ)
(
Py Ry(ψ + π/2) ψ̈ + Py Ry(ψ + π) ψ̇2

)
Rz(θ)

+ Rx(φ) Ry(ψ)
(
Pz Rz(θ + π/2) θ̈ + Pz Rz(θ + π) θ̇2

)
+ 2 Px Rx(φ+ π/2) Py Ry(ψ + π/2) Rz(θ) φ̇ ψ̇

+ 2 Px Rx(φ+ π/2) Ry(ψ) Pz Rz(θ + π/2) φ̇ θ̇

+ 2 Rx(φ) Py Ry(ψ + π/2) Pz Rz(θ + π/2) ψ̇ θ̇
)
pj(0).

We need to set this expression equal to zero and see what it tells us about the temporal evolution of the angles φ, ψ, and θ. This
is doable (and I’ve done it), but it’s quite a challenge and so at this point I think it’s smart to use a tool like Mathematica to
make sure we get the right answer. Figure 2 shows the Mathematica code. Taking the output from Mathematica and setting the
three torques to zero, we get these differential equations:

τx = −6b2
(
cosψ cos θ φ̈ − sinψ cosψ sin θ φ̇2 + sin θ ψ̈ − 2 cosψ sin θ φ̇ θ̇ + 2 cos θ ψ̇ θ̇

)
τy = 2a2

(
cosψ sin θ φ̈ + sinψ cosψ cos θ φ̇2 − cos θ ψ̈ + 2 cosψ cos θ φ̇ θ̇ + 2 sin θ ψ̇ θ̇

)
τz = 2(a2 + 3b2)

(
θ̈ + cosψ φ̇ ψ̇ + sinψ φ̈

)
+ (a2 − 3b2)

(
2 cos(2θ) cosψ φ̇ ψ̇ − sin(2θ) cos2 ψ φ̇2 + sin(2θ) ψ̇2

)
The next step is to set these torques to zero. After setting to zero, it makes sense to divide the first equation by 6b2 and to divide
the second equation by 2a2. Then, multiply the first equation by cos θ and the second equation by − sin θ and add to get

cosψ φ̈ + 2 ψ̇ θ̇ = 0

and then multiply the first equation by sin θ and the second equation by cos θ and add to get

sinψ cosψ φ̇2 − ψ̈ + 2 cosψ φ̇ θ̇ = 0.

From these two equations and from the equation setting τz to zero, we get these equations for the second derivatives of the three
angular functions:

φ̈ = −2 ψ̇ θ̇ / cosψ

ψ̈ = sinψ cosψ φ̇2 + 2 cosψ φ̇ θ̇

θ̈ = − a2 − 3b2

2(a2 + 3b2)

(
2 cos(2θ) cosψ φ̇ ψ̇ − sin(2θ) cos2 ψ φ̇2 + sin(2θ) ψ̇2

)
− cosψ φ̇ ψ̇ − sinψ φ̈
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"Initial positions..."
p0 = { 0,2b,0}
p1 = { a,-b,0}
p2 = {-a,-b,0}

"The rotation matrices..."
Rx[phi_] := RotationMatrix[phi, {1, 0, 0}]
Ry[psi_] := RotationMatrix[psi, {0, 1, 0}]
Rz[theta_] := RotationMatrix[theta, {0, 0, 1}]

"The projection matrices..."
Px = {{0, 0, 0}, {0, 1, 0}, {0, 0, 1}}
Py = {{1, 0, 0}, {0, 0, 0}, {0, 0, 1}}
Pz = {{1, 0, 0}, {0, 1, 0}, {0, 0, 0}}

Rdotdot = ( (Px.Rx[phi +Pi/2]*phidot2 + Px.Rx[phi +Pi]*phidotˆ2).Ry[psi].Rz[theta]
+ Rx[phi].(Py.Ry[psi +Pi/2]*psidot2 + Py.Ry[psi +Pi]*psidotˆ2).Rz[theta]
+ Rx[phi].Ry[psi].(Pz.Rz[theta+Pi/2]*thetadot2 + Pz.Rz[theta+Pi]*thetadotˆ2)
+ 2*Px.Rx[phi+Pi/2].Py.Ry[psi+Pi/2] .Rz[theta] *phidot*psidot
+ 2*Px.Rx[phi+Pi/2]. Ry[psi] .Pz.Rz[theta+Pi/2]*phidot*thetadot
+ 2* Rx[phi] .Py.Ry[psi+Pi/2].Pz.Rz[theta+Pi/2]*psidot*thetadot
)

"Compute torque in the x-axis."
t = Rx[Pi/2].Px.Rz[-theta].Ry[-psi].Rx[-phi].Rdotdot
p0.t.p0 + p1.t.p1 + p2.t.p2 // Simplify

"Compute torque in the y-axis."
t = Ry[Pi/2].Py.Rz[-theta].Ry[-psi].Rx[-phi].Rdotdot
p0.t.p0 + p1.t.p1 + p2.t.p2 // Simplify

"Compute torque in the z-axis."
t = Rz[Pi/2].Pz.Rz[-theta].Ry[-psi].Rx[-phi].Rdotdot
p0.t.p0 + p1.t.p1 + p2.t.p2 // Simplify

Figure 1: Mathematica code to compute torque about the x, y, and z axes.
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Figure 2: Multiple frames from an animation overlayed on top of each other.

2 Numerical Integration
Given that the differential equations for the angles do not have a simple solution, I wrote some Matlab code to compute them
numerically. The code can be download from here:

https://vanderbei.princeton.edu/tex/tennis_racket/testit_3b.m

The code computes the progression over the course of a little more than flip. The time interval was discretized into 25000
discrete steps. Figure 2 shows plots of the racket’s position every 50 time steps. Of course, the static overlay of many frames
makes it hard to see what is actually happening. I can report that an actual dynamic animation clearly shows the kind of motion
we are trying to study/understand. That’s a good first step in checking that our differential equations are correct.

Another check can be made by plotting the angles φ, ψ, and θ as a function of time. Those plots are shown in Figure 3. As
the plot shows, the angle ψ changes by about 180◦ in the time that the angle φ changes by 360◦. It was my hope when I started
on this project to have a mathematical proof of this two-to-one ratio. But, at the moment, I don’t have a proof.

Now, here’s another interesting thing. Figure 5 shows the angular momentum vector as a function of time. The angular
momenta remain constant. Of course, this makes mathematical sense since angular momentum is the integral over time of
the torque and so, if the torque is zero, then the angular momentum must be constant. But, watching many videos of people
tossing a tennis racket to illustrate the middle axis instability theorem it always appears as though the angular momentum is not
constant. And, Figure 4 also gives this impression. It seems that things are happening at an accelerated rate from time t = 4 to
t = 5. It looks like angular momentum isn’t conserved. But, it is. Go figure.

Lastly, here’s a really cool video that discusses the tennis racket theorem...

https://www.youtube.com/watch?v=1VPfZ_XzisU&feature=youtu.be.

And, here’s Terry Tao’s explanation of the effect:
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Figure 3: The rotation angles as a function of time over two periods.

the-dzhanibekov-effect-an-exercise-in-mechanics-or-fiction-explain-mathemat/82020#82020.
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Figure 4: The three mass positions as a function of time.
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Figure 5: Angular momenta about the three principle axes.
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